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SUMMARY 
Mathematical representation of crushing and 
grinding systems has, for many years, been concerned 
with energy and efficiency considerations. Whilst 
accurate forecasting of energy requirements is of 
economic importance it is a machine property and of no 
use when prediction of product size distributions is 
desired. 
The use of breakage functions to represent 
product size distributions has proved effective over 
smal~ size ranges but is not applicable to the larger 
particle sizes or to a wide range of feed sizes. 
Solution of the integro-differential equations 
which describe crushing operations has in the past led 
to extremely complex problems that have so far proved 
unsolvable without drastic and unreasonable assumptions 
being made. 
The representation of comminution in this work is 
made by means of an experimentally determined plant 
operator matrix. It is shown that such a matrix, whose 
elements are determined by crushing the feed size 
fractions separately, gives excellent predictions of 
product size distributions for a mixed feed. The 
1 
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technique is extended to consider different milling 
actions and feed materials. It is demonstrated that 
the simulation of multistage, series grinding is 
possible by this method enabling optimum utilisation 
of crushing equipment. 
By a minimum of experimental observations a 
multiparameter mill model is produced using linear 
interpolation between data points. This model is 
used in digital computer simulation of mill operating 
conditions in open and closed circuit grinding to 
select mill parameters for constraints on feed and 
product size distributions. 
CHAPTER 1. INTRODUCTION 
1.1. The Purpose of the Investigation 
Comminution, or crushing and grinding is one 
of the fundamental unit operations in the Chemical Eng-
ineering and allied industries. The utilisation of 
crushing methods has become increasingly necessary since 
the Early Bronze Age when raw materials were first pro-
cessed to extract metals. 
Other unit operations such as distillation, heat 
transfer, mass transfer and fluid dynamics are based on 
a solid theoretical and mathematical foundation. This 
theory is not available, to the same extent, in the 
field of comminution and, therefore, the vast majority 
of design improvement is based on empirical data. 
Throughout the years crushing operations have often ad-
vanced technically only through experience and improved 
machinery with very little theoretical support. 
The object of this investigation is to examine 
the "state of the art" to present with particular refer-
ence to mathematical representation of comminution cir-
cuits. A simple mathematical model for comminution is 
to be sought which is founded on relatively few experi-
mental observations. 
3 
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1.2. Previous Work 
The dearth of useful theoretical information on 
comminution is in part due to the preoccupation of early 
workers with the energy requirements of grinding. This 
led to a diversification of opinion which, in the late 
nineteenth century, split early workers in the field 
into two vehemently opposed groups. 
The first supported Rittinger's (1) law, proposed 
in 1857, which states that the energy required for 
crushing is proportional to the new surface area pro-
duced. The second body of opinion was behind the work 
of K~ck (2) who proposed, in 1883, that the energy of 
comminution is proportional to the reduction in volume 
or weight of a typical particle. So much of the early 
work in comminution focussed on this controversy that it 
is important to fully understand the "logic" behind the 
two hypotheses. 
In mathematical terms Rittinger's law may be ex-
pressed as 
dE = -K1 K I L 
2 
••••.••••.•••••••••• (1.1) 
dL 
where E is the energy input, 
Kl the surface energy, 
K the shape factor, and 
L the particle size. 
On integration this equation may be expressed as 
= (1.2) 
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where K2 is the proportionaltity constant, 
L2 the product particle size, and 
Ll the feed particle size. 
Kick's law is written 
dE = - K) / 2.3 L ...................... (1.3) 
dL 
or on integration 
E = K) log ( Ll / L2 ) .................... (1.4) 
where K) is a constant. 
It is clear from mathematical observation that 
equations (1.2) and (1.4) cannot both hold true at the 
same time. Logically it may also be shown that the 
two hypotheses are fundamentally different by consider-
ing the breakage of a 16" cube of material. Consider 
the breakage of such cubes to 1" cubes in the first 
place and to 1/16" cubes as a second operation. 
According to Rittinger's law these two breakages have 
an energy ratio of 16 : 1 in favour of the second. 
However, Kick's law results in an energy ratio of 1 1 
for the two operations. 
At first glance either of these results could 
seem reasonable. However, critical examination over 
the years has shown that the assumptions made are too 
sweeping for the laws to be of any practical importance 
when considering a wide range of sizes. Rittinger's 
law assumes that the total energy input is transferred 
to the material being ground to produce new surface. 
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This is not true as the fraction of energy actually used 
in crushing varies according to the type of machine and 
the particular operating conditions, and is only in the 
region of 5-10% of the total energy input. There are 
so many different types of energy involved in crushing; 
the most obvious being kinetic energy, elastic energy 
and neat, that only a small amount of the total energy 
will be converted to surface energy and this will itself 
vary with operating conditions. 
An alternative statement of Kick's law is that 
for a geometrically similar size reduction the energy 
per unit volume is constant. However, small particles 
will often experience greater forces per unit area than 
larger particles, and the number of particles subjected 
to grinding will vary with size distribution. It is 
~ 
also reasonable to assume that, if a particle breaks 
down an existing flaw, or crack, there will be fewer of 
these in the smaller particles which will result in a 
larger energy requirement for crushing. 
Bond (3) in his "Third Theory of Comminution" 
criticises both Rittinger's and Kick's laws and suggests 
a generalised equation for the energy of crushing 
dE -K4 /2L
n 
.....•...•............•. (1.5) 
dL 
The exponent n is obviously unity in the case of Kick's 
law and two for Rittinger's law. Bond, however, uses 
Qnd Q. 
an exponent value of onenhalf, which integrates to give 
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E = ..................... (1.6) 
where K4 is the energy per unit volume required to 
reduce from infinite to unit size. According to this 
theory the work input varies as the new crack length 
produced, or as the square root of one half the new 
surface produced. 
The common fault with all these so-called "laws" 
is that they give no information on the variation of 
product size distribution with feed rate and do not 
enable any consideration of optimum working conditions. 
The main anomaly lies in the fact that E is a machine 
property and a property of the material to be crushed. 
Due to the controvesy over the energy laws of 
comminution most of the early work in this field focusses 
on energy and efficiency considerations. In 1931 Carey 
and Bosanquet (4) report the first systematic experiments 
in the field of "single particle crushing". They give 
results of experimental work on crushing of coal and 
anhydride and show that, under free crushing conditions, 
brittle solids break down with a constant fracture 
pattern irrespective of particle size. 
w = Wp log ( Rml / Rm2 ) ••••••••••••••• (1.7) 
where Rm is the mean radius of powder, 
Wp the work to crush unit mass through a reduct-
ion p which is the reduction ratio, and 
-------------------------------------------------------------------------------
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W is the work to crush unit mass of powder. 
The workers were therefore in support of Kick's law. 
However, a critical appraisal of the apparatus used 
reveals that the method of enclosing the specimen lent 
too great importance to pre-crushing elastic changes. 
It is in the pre-rupture stage that Kick's law is found 
to be most applicable. 
Fahrenwald et Al. (5) found that in drop weight 
tests the rate at which energy is imparted is a factor 
in product size distribution. A light high-velocity 
blow does more crushing than a heavy low velocity blow 
of the same kinetic energy; and produces a more uniform 
product. A considerable amount of work on the mechan~ 
ism of fracture, such as that of Andreasen (6), was 
carried out at this time. This is best summarised by 
Rumpf (7). He divides methods of single particle 
crushing into four groups. 
(1) Crushing between two solid surfaces. 
(2) "Crushing" by dropping on a solid surface. 
(3) Breakage by tension. 
(4) Non-mechanical methods such as thermal crack 
propagation. 
The development of research into single particle 
crushing was mainly applied in the field of efficiency 
in grinding. Bond (8) has shown that the failure of 
brittle materials under compression requires one thousand 
times the energy input for failure und~r direct tension. 
9 
By crushing single particles of quartz Axelson 
and Piret (9) obtain energy efficiencies up to 25%. 
With multiple particles under similar conditions 
efficiencies did not exceed 1.4%. Similarly Bond and 
Maxson (10, 11) report efficiencies of up to 60% for 
single particles. Carey and Bosanquet (4) suggest that 
this phenomena may be explained by the cushioning effect 
of smaller particles present, 'a view which is supported 
by the experimental results of,Carey and Stairmand (12). 
In order to obtain high efficiencies attempts have been 
made to avoid this cushioning effect. Carey and Heywood 
(13) give the design of a centrifugal mill in an attempt 
at free crushing of a single layer of particles between 
two metalic surfaces. Preliminary observations confirm 
the complex nature of the problem. 
Consideration of a desire for free crushing is an 
important factor in the choice of the Ball and Cone mill 
by Broadbent and Callcott in their work on mill mechan-
ics; which is discussed later. 
Not only is the method of breakage important, and 
therefore the direction of the crushing forces, Rumpf 
(6), but Fahrenwald, as mentioned previously, found that 
the rate of energy application is often critical. Slow 
crushing ensures that the limiting strain energy will 
not be exceeded before fracture; as shown by Heywood (14) 
and more recently by Kenny and Piret (15), when consid-
ering the slow compression'of glass particles. From 
10 
this it might be assumed that impact crushing is less 
efficient than slow compression. In fact Carey and 
, 
Bosanquet found that impact breakage is just as effic-
ient as slow compression when the applied impact force 
is only just sufficient to produce fracture. The 
great majority of the energy needed for crushing, 
however, is needed to stress the particle to the point 
of fracture. This has been shown to be very much 
greater than the en~rgy required for actual fracture by 
Taplin (16). Kick considered that the important para-
meter at fracture is pressure, but it has since been 
generally agreed , considering the work of Johnson et Al 
(17, 18, 19) that the strain energy absorbed is proport-
ional to the new surface produced (20, 21). 
It may be concluded from this discussion of the 
efficiency aspects of crushing that, although energy is 
an economic factor in comminution, it is only important 
when considered in relation to the size distribution of 
the product, or some other process objective. A good 
anolog of this situation is given by Austin and Klimpel 
(22). The power per unit volume of gas absorbed in an 
absorption tower is likened to the power required to 
crush unit volume of material. It cannot be said that 
the pumping power is an individual property of the gas 
and it is definitely not a complete design criterion for 
the plant. 
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The energy required to obtain a given product in 
a mill is, therefore, a direct mechanical property of 
the mill and only an indirect property of the material 
being crushed. 
It was the inability of energy relationships to 
express grinding apparatus completely which led to more 
fundamental research into the mechanism of fracture. 
The widely accepted theory that breakage occurs at and 
is helped by cracks, both at the surface and within a 
particle, has'developed from the work of Griffith (23). 
He uses a mathematical technique of Inglis (24) to 
conclude that these flaws are eliptical in two dimensions 
and are so small that chemical bonds exist across the 
minor axis. These chemical bonds range from unstressed 
to fully stressed at the point of breaking. This 
explains why no force is required to start breakage as 
stressed bonds already exist. 
The Griffith criterion has been expressed mathe-
matically as 
P = Kj E ~ / c ................ (1.8) 
where P is the critical tensile stress perpendicular 
to the crack, 
C is the half length of the initial crack, 
E is Youngs Modulus, and 
~ is the specific surface energy. 
It was realised by Gates (25) as early as 1913 
12 
that a knowledge of the size distribution after fracture 
is most important. His mention of the consistency of 
fracture of certain brittle materials, especially coal, 
led to the formulation of mathematipal expressions for 
the product size distribution. The first functions 
considered by Gates involve a simple exponential relation-
ship. 
More recent statistical work, notably by Gilvarry 
(26) incorporates the Griffith crack theory to develop a 
generalised breakage function 
B(x) = 1 - exp [-(~) - nt- (~)3] ....... (1.9) 
where B(x) is the cumulative fractional volume below 
size x and k,j,i are constants incorporating the dimen-
sions of typical flaws and the Griffith crack density. 
The equation is applicable if x/k, x/j, xli are all 
greater than unity. However, it will often be the case 
that these quantities will be less than unity and the 
terms in x 2 and x3 wi'll disappear as x decreases. In 
other words the effect of surface'and volume flaws are 
ignored and only edge effects considered. The equation 
becomes 
B(x) = 1 - e -x/k ...................... (1.10) 
This is the most widely used distribution equation which 
was developed by Rosin and Rammler (27). The function 
is found to be generally applicable to crystalline 
materials below one millimeter as described by Brown(28). 
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If the particle size x in the Gilvarry equation 
is taken to be even smaller then the approximation given 
in equation (1.11) results. 
B(x) = x / k ...................... (1.11) 
This is the Gaudin-Schuhmann equation with exponent 
unity. The actual equation is usually written as 
B (x) = [x / k ] m ••••••••••••••••••• (1.12) 
where m is a slope parameter, and 
k the size modulus of the material. 
A more recent distribution equation for single fracture 
has been developed by Gaudin and Meloy (29)(30). 
B(x) = 1 - [ 1 - x / xo] r •••••••••• (1.13) 
where B(x) is the fraction undersize, 
Xo the feed size, and 
r is the size or reduction ratio. 
The disadvantage with all these distribution 
functions is their inability to deal with the larger size 
fractions due to inherent unrealistic assumptions. It 
was this limitation on the general use of breakage 
functions which led Epstein (31) to introduce the 
concept of the selection function. This function is 
used to describe the probability of breakage of a particle 
and it is linked with the breakage function, which 
describes the product of breakage. 
Broadbent and Callcott (32)(33)(34)(35)(36) use 
the concept of breakage and selection functions to 
14 
develop, product size distributions. The particular 
interest in this work by Broadbent and Callcott is the 
convenient method of relating the size distribution of 
the feed to that of the product. Size distribution is 
represented by a column matrix, or vector, and the 
crushing process by an operator matrix. 
bll 0 0 0 fl PI 
b12 b22 0 0 f2 P2 
= •• (1.14) 
b13 b23 b33 0 f3 P3 
b14 b24 b34 b44 f4 P4 
where the fi's are the weights in four size fractions 
entering the mill and the p 's i are the four product 
fractions. In this work the elements of the plant 
matrix b:!,j ( i=1,4 , j=1,4 ) are obtained from an 
, 
assumed breakage function which Broadbent and Callcott 
did not ratify experimentally. The operator matrix 
is triangular because the feed and product sizes are 
analysed on the same mesh sieves. 
The crushing of coal on both open and closed 
circuits has been successfully described by this method 
by Callcott (37) and Brown (38). The matrix analysis 
technique for coal breakage is considered from the point 
of view of' shatter tests by Berenbaum (39)(40). 
A great deal of work has considered the solution 
of the integro-differential equation for batch grinding 
# 
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proposed by Bass (41). 
written in the'form 
This equation is generally 
P(y,r)=P(y,O) +1 i m [~p(x,r)/'bx] S(x).B(y,x)dx.dr 
o y 
where p(y,O) is the percentage of material originally 
less than the size y, and P(y,r) is the percentage of 
material less than size y at any stage r, where r 
represents the number of mill revolutions. The selection 
function S(x) is defined as the fraction by weight of 
particles of size x which are broken per revolution of 
the mill. The distribution function B(Y,x) is the 
fraction by weight of the broken material which is 
reduced to less than size y from an original size x 
( y~x). Gardner and Austin (42)(43) use a radioactive 
tracer technique to establish values for the breakage and 
selection functions of coal in a Hardgrove grindability 
machine. A selected feed size fraction is irradiated 
using a radioactive source. This fraction is mixed 
with the total grinding charge and it's individual 
grinding properties evaluated by performing a radioactive 
count on the product. 
The breakage and selection functions are used by 
Gardner and Austin to produce an iterative solution of 
the above equation (1.19) to give product size distri-
butions. The main problem with this type of work is 
the considerable amount of experimental data required to 
16 
obtain values for the breakage and selection functions 
for a specific material under specified conditions. 
This experimentation must be repeated for any changes in 
mill or feed parameters. 
So far work concerned with obtaining a mathem-
atical solution to the batch grinding equation only has 
been considered. This equation has been extended to 
cover the grinding of homogeneous material assuming 
complete mixing in the mill. 
xm 
P(y).F = p(y,O).F + W.~(dP/dX).S(X).B(Y'X).dX •••• (1.20) 
o 
where F is the mass feed and product withdrawl rate and 
W the mill holdup. The assumption is made that s(x) and 
B(y,x) are independent of residence time, feed composit-
ion and feed rate. 
Austin et Al.(44) have solved equation(1.20) for 
continuous grinding in a ball mill, using a distribution 
function determined experimentally but assumed independ-
ent of feed size. The method fails to predict product 
distributions to any practical degree of accuracy. It 
is concluded that the assumptions made concerning S(x) 
and B(Y,x) are incorrect for a ball mill. 
Representation of grinding circuits by differ-
ential equations and using matrix algebra has been pre-
sented by Meloy and Bergstrom (45)(46). Describing 
17 
grinding in a ball mill they use a computer program 
"Dynamo" (47) to predict the product size distribution. 
There is little experimental data to support the mathe-
matical solutions and the breakage function has not been 
determined experimentally but is assumed to be of the 
Gaudin-Meloy form (equation 1.13). 
The breakage functions in the investigatios of 
Kelsall and Reid (48) have been determined by a differ-
ent experimental method. This involves using a closely 
sized fraction of quartz as a tracer in a charge of lime-
stone. The fraction of quartz in each product size is 
determined by dissolving the limestone in dilute acid. 
This technique has the advantage of being free from 
radioactive dangers but it has the disadvantage that the 
quartz does not break in a natural environment of quartz. 
There is therefore room for speculation as to the exact 
meaning of the results. 
This work on residence time distribution in 
continuous grinding, with a ball mill in open circuit, 
leads Reid (49) to search for a more workable model of 
continuous grinding. He presents a "practical solution" 
to the fundamental integro-differential equation. 
Although the form of the breakage functions is changed 
they still involve considerable experimental deter-
mination. 
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1.3. Discussion of the Literature Survey 
It has been shown in the previous section how 
the attempts to predict mill behaviour by ill-defined 
energy concepts has been replaced by complex mathe-
matical simulation. Even in the most recent work, the 
problem of process simulation involves so many para-
meters that drastic assumptions are required to obtain 
any solution of the equations involved. 
The conclusion of the authors Austin and Klimpel 
(44) is that it is not sufficient to assume that breakage 
and selection functions are independent of certain plant 
parameters. It is considered that the values of Sex) 
and B(Y,x) will have to be correlated with machine and 
material properties, such as feed rate and feed size 
distribution. 
The problems discussed so far have dealt only 
with steady-state grinding. The equation for dynamic 
grinding is one degree more complex. 
- s(y). ap(y,t)/.)y ............. (1.21) 
This equation becomes unsolvable if Sex) and B(y,x) are 
functions of mill parameters such as hold-up and of 
process parameters such as feed rate and feed size 
distribution. 
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The importance of having a workable mathematical 
model to predict comminution plant performance is shown 
by the amount of investigation being carried out at this 
time despite the seemingly unsurmountable obstacles 
mentioned previously. The obvious use of such a model 
is to predict the product size distribution to be 
expected form a given feed distribution under different 
milling conditions. Similarly it would be possible to 
choose the optimum feed size distribution and feed para-
meters to produce a specified product. Using computer' 
methods this operation could be done by trial and error 
techniques by selecting the feed conditions and recal-
culating the product size distribution until the required 
product is obtained. It is far easier in this type of 
calculation to use a model which enables the the mill 
process to be reversed during simulation and hence the 
feed to be calculated directly from the product by a 
single calculation. This is not possible if the model 
is in integro-differential form. 
Although the above example would provide a saving 
of plant time, by predicting optimum operating conditions 
it does not utilise the model to the full. Industrial 
crushing usually involves the use of more than one mill 
in series or parallel and mathematical prediction of 
behaviour can represent a considerable saving by removing 
any need to overspecify equipment sizes, to allow for 
any unpredictable contingency. 
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It is the realisation of the importance of having 
a reliable plant model, which enables easy optimisation 
calculations, and the thought of the mathematical 
problems involved in-solving dynamic examples of 
continuous grinding, that has led to this thesis involv-
ing a different approach. 
Ellis, Ray and Venables (50) describe a method 
of determining a mill matrix by experiment without any 
resort to empirical breakage functions. The form of 
the operator matrix is triangular because the mesh 
sizes of the feed and product are the same. 
There is obviously no need for the mill matrix to 
be in this form, in fact a square matrix is more easily 
envisaged. It is intended to set up a matrix represent-
ation of mill systems, based on the theory of Broadbent 
and Callcott, without the use of any form of breakage 
function. The operator matrices will be determined 
experimentally and the method and sensitivity checked for 
varying parameters. The multiple parameter model will 
be used for computer optimisation of comminution. 
CHAPTER 2. DEVELOPMENT OF THE MATHEMATICAL MODEL 
2.1. The Matrix Representation of Breakage 
The use of matrix algebra to represent breakage 
processes is presented by Broadbent and Callcott (32) 
and is a fundamental basis for this work. It is pro-
posed to first justify mathematically the matrix re-
presentation of both single and multiple breakage. 
The feed to a mill may be characterised by a 
cumulative function F(y), which gives the proportion by 
weight of the feed below each material size y. If this 
function is differentiated the slope at any point, fey), 
represents the proportion, by weight, with which the 
particles of each size occur. Thus dF(y)/dy = fey) 
is the frequency function. Knowledge of the cumulative 
function at a set of sizes enables the 
calculation of the frequency fu~ctions by means of the 
expression fi = F(ai)-F(ai +l ). Arranging the set of 
values F(ao)-F(al ), F(al)-F(a2)' •••• ,F(an_l)-F(an) as 
a column the frequency vector f is obtained representing 
the size distribution of the feed. 
21 
f = 
• 
• 
... 
22 
""""""""""""""""""""""""""" (2.1) 
2.1.1. Single Breakage 
Suppose the feed size distribution is changed 
by breakage; and let the breakage function B(x,y) 
represent the size distribution x in the product for 
each feed size y. The product size distribution 
for single breakage of the feed may be written 
p(x) = jB(x,y).dF(y) 
= jB(X,y) .f(y) .dy ••••••••••••••••• (2.2) 
This type of integral may be represented as the limit-
ing case of matrix multiplication. As the feed size 
distribution is already in vector form it is reasonable 
to express the complete equation in matrix notation. 
Let bij be the proportion of a typical particle in the 
size range a. 1 J- to 
and a i after breakage. 
be written 
p = B.f 
which falls between a i _l 
The equation of breakage may 
......................... (2.3) 
where B is the breakage matrix with elements bij and 
p is the product vector ( n is the number of columns and 
m the number of rows of the matrix, i=1,2, ••••• n and 
j=l, 2, "" " ",m)" 
\ 
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Due to the difficulty of representing the com-
plete comminution operation by a single function the 
practice is to introduce an additional term. This is 
the selection function which, in effect, states the 
percentage of the feed that is crushed, assuming that 
the mill is of the type where it is possible for 
material to pass through unbroken. Broadbent and 
Callcott use the term" 17 breakage" to describe 
selection. They state that a proportion 11 of the feed 
is crushed and (1 -1/) is unaltered. The product of 
breakage p is therefore the sum of two terms; one, the 
material of a larger size that has been broken down and, 
two, a proportion of the feed which passes uncrushed. 
p = (B.lI + (1 -1iT).I).f .............. (2.4) 
Where I is the unity matrix and r,t is the fraction 
selected for all sizes. 
Now consider the case where the selection varies 
depending on the size of feed involved. 
break according to /fT 1 ' f 2 to '11 2 ' etc.. The select-
ion function S may therefore be represented by a 
diagonal matrix with elements rr/ 1 ' 'f( 2 , •••••• , 
and the equation of breakage may be written 
'JI n 
p = (B.S + (I - S)).f ••.•••••••...•.. (2.5) 
2.1.2. Multiple Breakage 
Equation (2.2) is for single fracture. If, 
however, the product p(x) is crushed according to the 
.-- -- -------------------------------------------------------
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new breakage function B(z,x) the product is 
p(z) = ~B(Z,X).P(X).dx 
=~~B(Z,X).B(X,y).f(y).dy.dX •••••• (2.6) 
In general to describe repeated fracture an equation of 
repeated integral form is required. 
Using matrix notation pr is the new product 
size distribution vector and Br the breakage function 
pr = Br .B.p .......................... (2.7) 
In the case of multiple fracture equation (2.5) becomes 
p = (B.S + (I - S»N.f ••••••••••••. (2.8) 
assuming that selection is the same for each of N 
breakages. 
2.2. General Matrix Model 
The conclusion drawn from equations (2.3)(2.4)(2.5) 
and (2.8) is that for single and multiple breakage mills, 
with or without selection, the overall mill equation 
will always be represented by a matrix equation of the 
form 
p = M.r """ .. """ .. "" .... " .. ",, ...... (2.9). 
The operating matrix M calculated by Broadbent and 
Callcott using an empirical breakage function is always 
in the triangular form of equation (1.14) so that: 
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b13 ·fl + b23 ·f2 + b33 ·f3 = P3 
b14 ·fl + b24 ·f2 + b34 ·f3 + b44 ·f4 = P4 ••••• (2.10) 
where fl to f4 are weights in four size fractions 
entering the mill, as feed, and PI to P4 are the 
weights in the same four size fractions leaving the 
mill as product. The choice of a 4x4 matrix is 
made for simplicity of illustration. 
This model is very lim~ted in application as the 
matrix elements are determined empirically and the size 
range of the product is the same as the feed. 
ally. 
Let the operator matrix be determined experiment-
It is assumed that a batch of feed will give 
the same product whether the feed size fractions are 
crushed together or independently Some support for 
this hypothesis has been given by Ellis,Ray and Venables 
(50) if the mass feed rate is constant throughout. 
Assume that the feed fraction fi fed independ-
ently gives a product which is a column of the operator 
matrix. 
By feeding each of four sizes separately the matrix 
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The number or product size fractions (Pi) must be 
equal to the number of rows in the operator matrix and 
the product mesh sizes obviously must correspond to the 
mesh sizes used to measure the matrix elements bij • 
However, there is no reason why the feed mesh sizes 
should be the same as those of the product and, equally, 
there is no reason why the operator matrix should be 
triangular. Where the product contains only one size 
in common with the feed equation (2.9) may be written 
o o o o o o o 
o o o o o o o 
o o o o o o o 
o o x = 
o o o 
o o o 
o o o 
1.. 
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The i'th element of the product vector is the same in 
all cases 
for an n x n matrix. It is easy to see from equation 
(2.11) that if the feed' contains only the top size and 
f2 = f3 =f4 = 0 then the measurement of the product 
yields the elements of the matrix. 
The other elements may be determined by feeding each size 
fraction separately to the mill. 
2.3. Conclusions 
It is apparent, therefore, that a plant matrix may 
be determined experimentally for any type of mill system 
involving single or multiple action and independent of 
the reduction ratio. Whatever the form of breakage, 
selection or any other unspecified or undetermined function 
they will all be accounted for in this operator matrix. 
The assumption is made that the feed will break 
in the same proportions whether crushed as a whole or in 
separate size fractions. Therefore there must be no 
more "interaction" between particles of different sizes 
than there is between particles of the same size. 
CHAPTER 3. THE USE OF MATRIX SIMULATION IN MILL SYSTEMS 
In the previous chapter it has been shown that 
any breakage mechanism may be represented by a single 
operator matrix M' which may be determined experiment-
ally and relates p, the product vector, and f, the 
feed vector, by the equation 
p = M.r ......................... (3.1). 
It is proposed to consider the use that may be made of 
such mill matrices in simulating complex grinding 
circuits. 
3.1. Closed Circuit Grinding 
Consider the closed circuit grinding system in 
figure (3.1) given by Brown (38). The mill product 
p is related to the plant product q by the equation 
q = C.p .............................................. .. (3 .. 2) 
where the diagonal matrix C characterises the grade 
efficiency ~f the classifier. Thus the classifier 
matrix represents the fraction of each size graded that 
is in the product. If Pi 
the ilth size grade to the 
is the mass feed rate of 
classifier and the 
product rate of the ilth size grade, then 
.................... (3.3). 
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Figure 3.1. Closed Circuit Grinding 
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Therefore C represents the fraction of p not re-
cycled or (I - C) is the fraction oversize. 
In the~steady state a mass balance over figure 
(3.1) gives 
f = m + p - q ....................... (3.4). 
Multiplying throughout by the plant matrix M 
M.f = M.m + M.p - M.q •••••••••.••.•.•.• (3.5). 
Combining equations (3.1)(3.2) and (3.5) 
p = M.m + M.p - M.C.p 
As P = Lp where I is the unity matrix 
Lp = M.m + M.p - M.C.p 
(I - M + M.C).p = M.m ................ (3.6). 
Let G = (I - M + M. C), therefore 
-1 P = G .M.m -1 ( and q = C.G .M.m •••••.• 3.7). 
If -1 H = C.G .M then 
q = H.rn .•••••••••••••••••••••••••••••• (3.8). 
This is a matrix relationship between the feed m and 
product q. Equation (3.8) may be shown to reduce to 
the form for an open circuit mill if C = I ( ie. there 
is perfect classification). 
Then G = I and p = M.m or M.f • 
3.2. Two Mills in Series 
It is very seldom that a single mill, even when 
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operating in closed circuit, is used alone on an indust-
rial scale. Mills are often linked in series or. 
parallel to increase throughput and grinding efficiency. 
this is particularly true when a large reduction ratio 
is required. 
Now consider two mills operation in series as two 
closed circuit systems as in figure (3.2). 
of q is the same as equation (3.8) • 
The value 
q = H.m . . . . . . . . . . . . . . . . . . . . . . . . (3.8) 
where 
and 
Similarly for the second circuit 
where 
and 
u = H2 . q •••••••••••••••••••••••• (3.10 ) 
-1 C2 ·G2 .M2 
(r - M2 + M2 .C2 ) •••••••••••• (3.11) 
Equations (3.8) and (3.10) may be combined to give 
................... (3.12) 
The model may be expanded to simulate any number of 
mills, of any type, in series. For n mills in series 
where 
and 
Product = (Hn.Hn_l ••••••• Hl).Feed •••• (3.13) 
-1 Hi = Ci·Gi .Mi 
Gi = (r - Mi + Mi.Ci ) ••••••••••• (3.14) 
where i = 1,2, .•... ,n. 
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Figure 3.2. Two Closed Circuits in Series 
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3,3, Two Mills in Series with Oversize Recycle 
When two mills are operated in series the oversize 
from both products may be recycled and added to the 
original feed, as shown in figure (3,3), As shown 
previously the relationships p = Ml,f and q = Cl,p 
are true, A mass balance over the first mill gives 
f = m + p - q + w 
= m + p - q + s - u ................. (3.15) 
Multiplying by' Ml and letting Ml,f = P = I,p then 
I,p = Ml,m + Ml,p - Ml,Cl,P + Ml,s - Ml ,u,,(3,16) 
For the second mill 
s = M2 .q and u = C2 .s ................ , (3,17) 
Then from equa~ions (3.16) and (3.17) 
I,p = Ml,m + Ml,p - Ml,Cl,P + Ml ,M2 ,Cl ,P 
- M1 oC2 oM2 .C1 GP ...................................... (3 .. 18) 
or p = G-1.M1om .......................... (3.19) 
where G = (I - Ml + Ml,Cl - Ml ,M2 ,Cl + Ml ,C2 .M2 ,Cl ) 
Therefore -1 q = Cl,G ,Ml,m ..................... (3.20) 
From equation (3,17) 
or 
This is a matrix relationship between the product vector 
Figure 3.3. Two Mills in Series and Closed Circuit 
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L 
'" , , 
Mill Ml 
, I'r=p_q 
p , ~ 
Classifier Cl , w = s - U 
L 
-q 
Mill M2 
s , 
Produc t 
Classifier C2 
, 
, 
u 
35 
u , the feed vector m and an overall plant matrix 
H = I C2·M2,Cl·G-l.Ml/ •••••••••••. (3.23) 
It is of interest at this point to obtain a mathematical 
equation for H by a different approach. Consider 
equation (3.16) 
I.p = Ml.m + Ml.p - Ml.Cl.P + Ml.s - Ml.u 
(I - Ml + Ml.Cl).P = Ml·m + Ml·s - Ml.u ••••• (3.16) 
-1 -1 -1 
or p = G2 .Ml.m + G2 .Ml.s - G2 .Ml.u •••••••••• (3.24) 
but q = cl.p and s = M2 .q therefore 
from equation (3.17) u = C2.s 
-1 -1 -1 
u = C2 .M2 .Cl .G2 .Ml.m + M2.cl .G2 .Ml.u - C2 .M2 .Cl .G2 .Ml.u 
-1 -1 ' ( 
or u = G3 .C2 .M2 ·Cl .G2 .Ml.m •••••••••••••••••• 3.25) 
where G2 = (I - Ml + Ml.Cl ) ••••.•••••••••.•••• (3.26) 
and G3 = (I - M2 .Cl oG;1.Ml + C2.M2,Cl.G;1.Ml) •• (3.27) 
By this approach 
H = IG;1.C2 .M2 .Cl .G;1.Ml (3.28) 
Equation(3.29) for H , whilst having the same numerical 
solution, is more complex than the previous equation (3.23) 
as the latter involves only one matrix inversion. It is 
important to note that early substitution in equation 
(3.14) and consideration of the plant overall leads to a 
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more simple solution. The need to consider the system 
overall is general in this type of problem. 
3.4. Primary, Secondary and Tertiary Grinding in Series 
Industrial grinding often involves considerable 
size reduction from crude ore up to several cubic feet 
in volume down to sub.60 mesh powder. 
Such operations require primary crushing followed 
by secondary and tertiary crushing. A typical flow 
diagram is shown in figure (3.4). Ml , M2, and M3 
represent the mill matrices for the three mills in 
series. In fact they can represent more than one mill 
operating in parallel. It is quite probable that 
secondary and tertiary crushing will require mills in 
parallel due to the smaller capacity of fine grinding 
machines. 
For the tertiary mill system 
0" = M3 0r •....•...••..• (3.29) 
By a mass balance 
r = m + q = m + ~ - p .•..•....•..•.•.•• (3.30) 
Multiplying throughout by M3 and substituting 
equation (3.29) 
M3 ·r = M3 ·m + M3·~ - M3 ·p 
I.~ = M3 ·m + M3'~ - M3·C3·~ 
(I + M3 .C3 - M3)'~ = M3 ·m (3.31) 
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Figure 3.4. Series Grinding 
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For the secondary mill system 
............ . (3.32) 
As before 
h = g + j - k •••••••••••••••••••••••• • (3.33) 
For the primary crushing system 
d = Ml • c ••••••••• (3.35) 
As before 
c = a + e = a + (d + b - 1 - g) •••••••• (3.36) 
Multiplying by Ml and substitution b = f - a 
Ml·c = Ml·f + Ml·d - Ml·l - Ml·g ••••••• (3.37) 
Substituting equation (3.35) in (3.37) 
where 
From equation (3.31) 
But m = k + 1 and from equation (3.35) 
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· •....•••.. " ...•.•. • (3" 44 ) 
Combining equations (3,42)(3,44)(3,45) and (3,39) 
p = Cy G;l,M3 • (k + 1) 
-1 (-1 -1 -1) . 
= C3 ,G3 .M3 , C2 ,G2 ,M2 ,CG,Gl ,Ml,f + CL,Gl ,Ml,f 
This equation (3,45) relates the feed vector f to the 
product vector p by means of an overall plant matrix 
H, Where 
I 
-1 (-1 -1 -1 I H = C3 ,G3 .M3 C2 ,G2 ,M2 ,CG,Gl ,Ml + CL,Gl ,Ml ) 
and Gl = (I - Ml + Ml,CL + Ml,CG) 
3.5, The Solution of the Plant Matrix Equation 
The solution of plant matrix equations like 
equation (3,46) is relatively complex and certainly time 
consuming if attempted by hand calculations, However, 
with the use of digital computer techniques for matrix 
inversion the calculations become routine, 
It may be concluded, therefore, that, if the 
individual mill matrices are are available it is 
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possible to compute the overall plant output for 
complex crushing systems. 
CHAPTER 4. EXPERIMENTAL METHOD AND RESULTS 
4.1. Introduction 
The experimental program was envisaged as having 
two main objectives. 
The first was to check the method of setting up 
Section. ;t.;1.. 
the mill matrix model, described in Chapter 2,Aand to test 
the accuracy of the predicted product distributions when 
compared with experimentally determined size distributions 
for tflixed feeds. The model was expanded to cover other 
mills and different feed materials. 
The second main area of experimentation was into 
the effect of varying mill parameters, such as feed rate 
and jaw separation, and the resultant changes in the mill 
matrix. The matrices thus obtained were used to check 
the accuracy of predicted results for multistage grinding. 
The final area of experimentation was into the 
applicability of the matrix method to vibration ball 
milling where the hold-up was considerable. 
To facilitate ease of reading the experimental 
results are reported in tabular form in Appendix A. 
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4.2. Experimental Technigue 
4.2.1. Determination of The Plant Matrix 
The method used to determine the operator matrix 
was the same for all the mills described except that, in 
some cases, the feed sizes had to be decreased due to 
the smaller mill dimensions. 
Throughout the experiments the feed rate of 
material was found to be a critical factor. It was very 
important that the weight feed rate to the mill should 
be kept constant at all times. This required careful 
calibration of the vibratory feeder for each feed size, 
and also for mixed feeds. The technique used to set up 
the mill matrix was to feed material of four size fractions 
to the mill independently, but at the same weight feed 
rate. 
The product of each feed was sampled and sieved 
as described below. If the product was sieved into 
four size fractions there were four matrix elements for 
each of four feed sizes, resulting in a 4 x 4 matrix. 
The choice of how many feed and product sizes to 
consider was made from the consideration that anything 
less than a 4 x 4 matrix did not give a practical 
representation of the mill and anything larger involved 
considerable extra experimental work. 
A mixed feed, consisting of known proportions of 
the four feed sizes was also crushed and sieved as 
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before. 
4.2.2. Sampling 
It was very important in all these experiments that 
the crushing system is allowed to reach steady state 
before samples are taken. With the rolls, hammer, jaw 
and cone mills this was only a question of minutes as 
there was little or no hold-up. However, the vibrating 
ball mill takes at least an hour to reach equilibrium. 
At a constant weight feed rate samples of equal 
size were obtained by interupting the product flow for 
equal times. The size of the sample was chosen such 
that it was suitable for'sieving and did not require 
dividing in any way. Each reading was taken at least 
five times and the results averaged. 
4.2.3. Sieving 
• The size of sample taken was approximately 100 
grammes as recommended by British Standard 1796 (51). 
The sieves were British Standard 8" diameter forming 
a nest with a receiving pan and always covered by a lid. 
The samples were machine shaken for 10 minutes in all 
cases except for the fine product from the vibratory ball 
mill when a 15 minute period was used. These times 
were found to satisfy the British Standard rate test 
such that in a further two minutes less than 0.2% 
passed each sieve. 
As all the measurements were comparative in nature 
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it was important to ensure that all tests were per-
formed in the same way, using the same technique and 
the same vibrating times. 
4.3. Experimental Results 
4.3.1. Preliminary Observations 
The first experiments were carried out on the 
Sturtevant 8" x 5" Coke Crushing Rolls , figure (4.1) 
which forms part of the main crushing plant, figure 
(4.2). The feed material was granite chips divided 
into four size ranges as in table (A.l) and the 
product sized to five fractions ( It was later decided 
that four product size fractions would be sufficient), 
resulting in a 4 x 5 matrix. The results of feeding 
the individual size fractions are shown in table (A.2) 
with the resultant matrix in table (A.3). The feed and 
product vectors are given as percentages in all cases 
(ie. Ibs/lOO Ibs feed). A comparison of calculated and 
measured results is given in table (A.4) for extream~ 
of feed size distribution. 
4.3.2. A Check on the Use of the Model in a Wider Field 
The matrix values obtained in this section were 
the result of averaging at least five readings. How-
ever, for simplicity only the mean has been reported. 
4.3.2.1. Tests for Various Mills 
(a) Cone Mill. 
Table (A.5) shows the matrix obtained on the 
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Figure 4.1. Coke Crushing Rolls. 
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Figure 4.2 . Main Crushing Plant. 
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Sturtevant Cone Crusher, figure (4.3). A check on the 
accuracy of the predicted results has been given for an 
evenly divided feed. 
(b) Jaw Crusher. 
The special case of the Sturtevant 2" x 6" Roll 
Jaw Crusher, figure (4.4) operating chocked has been 
reported in table (A.6). This is the maximum through-
put for this type of machine. 
(c) Hammer Mill. 
The feed material for the experiments on the 
Sturtevant No.OO Swing Sledge Mill, figure (4.5) was 
granite. However, the feed sizes were necessarily 
smaller due to the geometry of the mill. The sizes 
are given in table (A.7) and the resultant matrices 
in tables (A.s) to (A.ll), with table (A.12) giving 
the comparison of measured and calculated results for 
a feed rate of 17 lbs/hr •• 
4.3.2.2~ests for Various Materials 
(a) Limestone. 
The matrix for the cone mill was determined 
using a limestone feed at a weight feed rate of 2000 
lbs/hr., table (A.13) 
(b) Zinc Sulphide Ore. 
Table (A.14) shows the matrix and comparison 
of measured and predicted results for the rolls when 
the feed was zinc ore at 1300 lbs/hr. and at a separation 
of 3/32". 
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Figure 4.4 . Roll Jaw Crusher. 
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Figure 4.5. Swing Sledge Mill. 
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4.3.3. Variation of Feed Rate and Separation Parameters 
on Crushing Rolls 
In tables (A.15)(A.16)(A.17) and (A.18) the 
experimentally determined results are given for mill 
matrices at feed rates which were 400, 1000, 1300 and 
1700 lbs/hr. respectively, for roll separations of 1/32", 
1/16", 3/32" and 1/8". A check on the accuracy of the 
model was made and reported in tables (A.19) and (A.20). 
Variation of matrix values with feed rate are 
plotted on graphs (4.1) to (4.4). Graph (4.5) shows a 
plot of the variation of matrix elements with mill 
separation. The data for this graph is given in table 
(A.21) • 
4.3.4. Interpolation between Values of the Mill Matrix 
A series of experiments were carried out to check 
the accuracy of using interpolation techniques between 
different feed rates on graphs (4.1) to (4.4). 
Table (A.22) gives the matrix obtained by inter-
polation between feed rates of 1000 and 400 lbs/hr., 
to give a feed rate of 700 lbs/hr., at a separation of 
3/32" • The calculated product distribution is com-
pared with that determined experimentally, for an equal 
ratio mixed feed, in table (A.23). An interpolation 
over an obviously less linear section of graph (4.3) is 
given in table (A.24) at a feed rate of 1350 lbs/hr., by 
interpolating between 1000 and 1700 lbs/hr. and ignor-
ing the 1300 lb/hr. data point. 
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'4.3.5. The Extension of Cone Mill Investigations to 
Different Separations 
To obtain a variable parameter model for the cone 
mill results were obtained for three mill separations as 
an extension to table (A.5) and checks made that pre-
dicted and measured product size distributions agreed. 
The matrices and percentage product size 
distributions are given, for an equal weight ratio feed, 
in tables (A.25)(A.26) and (A.27). Graph (4.6) shows 
a plot of sample matrix elements against separation. 
4.3.6. Grinding in Series 
Three stage grinding was examined using the jaw 
crusher, rolls and hammer mills in series. 
The feed to the primary jaw crusher was sub. l~" 
granite retained on 1", which fractured according to 
table (A.28). The mill matrices for the rolls and 
hammer mills have already been determined and reported 
in tables (A.16) and (A.12) respectively. 
The comparison of calculated and measured results 
is given in table (A.29). 
4.3.7. Tests on the Vibratory Ball Mill 
Results for the Apex Vibratory Ball Mill model 
38A, figure (4.6), are shown in tables (A.30)(A.31) and 
(A.32). The feed sizes were 14, 16, 18 and 36 mesh 
respectively. For each feed size a set of product samples 
was taken every 15 minutes for a constant feed rate of 
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7.5 lbs/hr .. The measured and calculated product size 
distributions are reported in table CA.33). 
CHAPTER 5. DISCUSSION OF THE RESULTS 
5.1. Accuracy of the Model 
The preliminary experimental results obtained 
with granite feed to the crushing rolls illustrate that 
the assumptions made in the matrix representation of the 
mill are reasonable. The comparison of measured 
product size distributions, of mixed feeds, and of the 
calculated distributions, given in table (A.4) shows 
remarkable agreement. The maximum reported error 
between predicted and measured resulta is 0.7 in 30.1; 
or less than 3%. 
The maximum standard deviation in table (A.2) is 
2.72. This represents a percentage standara error,for 
7 degrees of freedom and a mean of 33.0, of 2.9%. 
This compares well with the maximum experimental error 
menti oned above. An estimation of what fraction of the 
standard error was due to sieving technique has been 
given in appendix B. The maximum percentage error on 
the mean calculated for these results is only 0.6% 
which demonstrates the reproducibility and hence relia-
bility of the sieving technique used throughout these 
experiments. 
It has been deduced from the results of table (A.4) 
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that the product size distribution for a mixed feed may 
be predicted by feeding the graded constituents of that 
feed separately and adding the products. The particular 
size fraction of the feed is always crushed to give the 
same product (for constant mill parameters) irrespective 
of the presence of other feed sizes, provided that ~ 
overall mass feed rate is constant. Therefore, any 
interaction between a particle and neighbouring particles 
is independent of the size of these particles. 
5.2. Interaction Between Different Feed Sizes 
"Interaction" is defined here as any change in 
the product of crushing a given size of particle when 
crushed in the presence of a feed of mixed sizes. It 
is envisaged as being of two forms; one by direct 
contact of particles and, a second, by indirect changes 
in grinding conditions. 
The conventional mills considered in these 
experiments are of the type with little or no hold-up. 
At normal work loads neither the crushing rolls, hammer 
mill nor the cone mill keep particles in "intimate" 
contact with each other during crushing. Therefore, 
for crushing in these mills interaction by direct 
contact between particles is unlikely. This is support-
ed by the fact that the cone crusher was insensitive to 
feed rate changes over a considerable range about a mean 
of 2000 lbs/hr. 
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The results for the jaw crusher operating chocked 
have demonstrated that with large particles being 
crushed in close contact with each other there is 
interaction as described above, which causes errors up 
to 7% in the determination of the plant matrix. 
The vibratory ball mill has a long particle 
residence time and the particles would appear to be in 
close contact throughout. However, at such fine 
sizes, in relation to the ball size, any cushioning 
effect is likely to be the same irrespective of particle 
size. Some evidence to support this may be found in the 
work of Austin and Klimpel (44). As mentioned in 
Chapter 1., they attempted to predict the behaviour of 
batch grinding in a ball mill from first principles, 
by finite difference solution of equation (1.20). 
The breakage and selection functions are assumed to 
be constant for a given size fraction x. 
The conclusion of Austin and Klimpel is that, 
although the breakage function "is relatively insensitive 
to changes in mill conditions, the selection parameter 
depends on the amount o,f material present larger than x." 
The present work differs from that of the above 
authors in that a mill model is not determined from first 
principles. However, the mill matrix, which has been 
determined experimentally, is a function of the same 
parameters as are the breakage and selection functions 
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in the theoretical approach of other workers. 
The mill loading dependency of the selection 
function in ball mill grinding is an indication that 
particle interaction is dependent on the number of 
particles present and not the size distribution. 
The conclusion is, therefore, that for the mills 
considered no more interaction would be expected 
between mixed feeds than between single sized feeds 
under the same feed conditions. 
An indirect effect of the presence of other 
particles can be envisaged in the case of the crushing 
rolls. During crushing there is a certain amount of 
movement on the rolls which allows slight alterations 
of the gap between them. It would appear , that, 
when crushing a mixed feed, the larger particles could 
cause the rolls to open and allow the smaller ones 
through uncrushed. This would be a severe form of 
"indirect ;l.nteraction" which could induce considerable 
errors in the determination of the mill matrix. 
Consider a particle in the crushing rolls, 
f;l.gure (6.1). Grav;l.ty being neglected, the forces 
acting on the particle be;l.ng crushed are the normal 
force N and a tangential force T. The resultant 
force ;l.s R. If R is directed downwards the particles 
will be nipped and crushed. 
Figure 6.1. Diagramatic Representation of the Crushing Rolls 
0\ 
00 
In considering movement of the rolls only the 
horizontal components of T and N are of interest. 
NH = N.cos n/2 TH = T.sin n/2 •••••••• (5.1) 
According to Richards and Locke (53), page 28, these 
horizontal components actually compress the particle. 
The combined compressive force on the particle is 
RH = N.cos n/2 + T.sin n/2 •••••••••••••••• (5.2) 
The vertical components of the normal and tangential 
forces are only concerned with the vertical motion of 
the particle and not with compression. 
The crushing rolls are designed so that, under 
normal operating conditions, the gap does not vary 
unduly." However, it is necessary to have a certain 
amount of play to prevent damage by foreign bodies. 
Throughout the experiments using granite it was noticed 
that the sprung bearings tended to allow alteration in 
the roll ,gap during crushing. 
no interaction. 
Despite this there was 
As mentioned previously the rolls are only flexible 
in the horizontal plane and the only force involved is 
RH in equation (5.2). Assume that Nand T are machine 
properties and independent of feed size. This is 
reasonable for, even though N will change with spring 
movement (Hooke's law), this change will always be the 
same and will be independent of particle size. 
Similarly, T is a function of coefficient of friction 
70 
and speed of rotation but not the particle size. 
As particle size increases the angle of nip n 
increases. Thus as n increases sin n/2 increases and 
cos n/2 decreases. Therefore, in equation (5.2), if we 
assume Nand T are of the same order of magnitude, changes 
in feed size result in compensating changes in cos n/2 
and sin n/2 and the overall value of ~ remains stable, 
see Appendix C. 
It has been reasoned above that the force ~ 
needed to open the rolls is independent of feed particle 
size. The number of fluctuations of the gap will be a 
function of the total number of particles fed and not 
the feed size. If this assumption is true then the 
need for the high degree of accuracy required in main-
taining a constant mass feed rate can be explained. 
That the assumptions are true is in fact supported 
by the experimental results. 
5.2.1. Conclusion 
The physical interpretation of the above observ-
ations is that the agreement between size distributions 
predicted by the matrix model and those measured experi-
mentally demonstrates that particle interaction within 
the mill is dependent on mill loading and not feed 
composition. 
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5.3. Extension'of the Field of Experimental Observations 
The experiments discussed so far have illustrated 
the applicability of the matrix model to the crushing of 
granite in the crushing rolls. This mill has virtually 
no hold-up or residence time. The results of table 
(A.5) demonstrate that the method is suitable for another 
single acting machine with very small residence time, 
namely the cone mill. The agreement between measured 
and calculated results is exceptionally good. The 
problem of "indirect interaction" does not apply to the 
cone mill as there is no movement apart of the grinding 
faces. 
The comparison of measured and predicted results 
in table (A.6) for the jaw crusher, operating chocked, 
shows more error than the previous examples. As 
mentioned in section 5.2. this is probably due to inter-
action because the particles are not only crushed by the 
jaws but by forces transmitted through neighbouring 
particles. 
Impact crushing is demonstrated by the hammer mill 
which has a finite hold-up time. Table (A.12) shows a 
very good agreement between measured product distribution 
for a mixed feed and that calculated by the matrix model. 
The expansion of the model to consider the appli-
cation to different feed materials is well demonstrated 
by the results in table (A.13) for limestone in the cone 
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mill and table (A.14) for zinc sulphide ore in the 
crushing rolls. Limestone is a hard homogeneous 
material and would be expected to behave like granite 
in the previous experiments. The zinc ore, however, is 
a softer material and it's suitability to the matrix 
representation could not be predicted beforehand. It 
is of interest to note the smoothness of this material 
which results in a low coefficient of friction between 
the particles and the roll surface. There is, therefore, 
a tendency for the particles to slide on the roll 
surface and not to be crushed if the gap is too small 
and hence the angle of nip is too small. 
5.4. The Effect of Mill Parameters on the Model 
5.4.1. Linear Interpolation 
The results of varying feed rate to the crushing 
rolls and the effect on the matrix elements (ie. the 
product size distributions of graded feed fractions) is 
shown in graphs (4.1) to (4.4) for four different roll 
separations. The general trend of these graphs is an 
increase of the larger product size fractions with 
increasing feed rate and a consequent decrease of the 
finer sizes. It is interesting to note the tendency 
for the curves to flatten out and become asymptotic at 
high mass feed rates. If the matrix representation 
of crushing is to be of practical use it must require 
a minimum of experimental observations to set up the 
model for all feed rates. For this reason 
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it is assumed that the matrix to feed rate relationships 
are linear between experimentally determined data points. 
To check this approximation linearly interpolated 
results at a feed rate of 700 Ibs/hr. from graph 4.3 are 
compared with experimentally measured results in table(A 
The agreement is so good that linear interpolat-
ion has been considered satisfactory. Table (A.24) 
gives the comparison of measured and calculated results 
at a feed rate of 1350 Ibs/hr •• The calculated results 
are obtained by interpolation between 1000 and 1700 
Ibs/hr. ignoring the data point at 13001bs/hr.. The 
errors in table (A.24) are, as expected very high, which 
illustrates that an overall linear approximation to 
graphs(4.3) would not be acceptable. 
, 
From the results of table (A.23) using linear 
interpolation between data points the agreement between 
measured and calculated results is so good that more 
advanced forms of curve fitting are not necessary. 
If graphs (4.3) are extrapolated to the origin 
an estimate of crushing be10~ 400 Ibs/hr. may be made. 
Therefore, by measuring matrix values at four feed 
rates and four separations it is possible to obtain a 
model encompassing all feed rates up to 1700 Ibs/hr. 
for separations up to 1/8". 
Graph (4.5) is a plot of matrix elements against 
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separation at different feed rate parameters. It shows 
the impossibility of attempting to represent this type 
of crushing by a mathematical function. 
5.4.2. Computer Simulation of Crushing Rolls Model 
Using linear interpolation it is possible to de-
scribe the performance of the crushing rolls over wide 
ranges of feed rate and separation. The use of this 
model is demonstrated in Appendix E by means of the 
computer program SMASH which simulates the multiparameter 
system. 
This program enables the choice of optimum mill 
operating parameters to produce a specified product 
size distribution from a given feed size. The criterion 
of the "best" settings of feed rate and mill separation 
is that the sum of the errors between the calculated and 
specified products shall be a minimum. 
In certain cases it is not possible to obtain the 
required product distribution from a given feed, within 
a range of conditions that are economical and practical 
in that they maintain a reasonable feed rate. These 
examples occur when the feed is biased towards the larger 
fractions so that the topsize in the product becomes 
predominant and cannot be reduced without lowering the 
feed rate. The program has been written to apply closed 
circuit grinding in such cases and to select the optimum 
recycle of oversize required. The form of the results 
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is explained in detail in Appendix E. 
5.4.3. The Cone Mill 
The cone mill was found to be insensitive to 
changes of feed rate at feeds of about 2000 Ibs/hr •• 
Therefore, the only parameter which could be varied was 
that of separation between the gyrating head and the 
crushing bowl. From graph (4.6) it can be seen that 
for equal increases in separation good approximation to 
linearity exists • Therefore for the cone mill a comp-
rehensive model for separation is available from three 
matrix determinations. 
5.5. Grinding in Series 
The results obtained from three stage crushing 
are given in tables (A.28) and (A.29). The plant 
layout is that shown in figure (5.2) and the theory is 
that demonstrated in section 3.4. 
There is no feedback at the classifiers and all 
undersize is rejected. In this case equation (3.51) 
may be simplified to give 
................ 
The calculated value of the product vector from 
Appendix D is 
p = 
56.2 
19.3 
9.3 
12.3 
(5.3) 
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Figure 5.2. Series Grinding 
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which compares well with the measured value of table 
(A.29). 
p = 
57.8 
20.0 
9.6 
12.6 
This exercise has shown that the matrix method is 
applicable to a practical grinding circuit to give 
an accurate prediction of the product size distribution. 
5.6. Multiaction Grinding 
The experiments discussed so far have dealt 
with what may be called single action grinding machines. 
In other words the feed particles are crushed by a 
single action and there is no residence time in the 
mill to allow repeated fracture. The results of tests 
on the vibratory ball mill concern the application of the 
matrix method to breakage which occurs in a completely 
different way. The vibratory ball mill may be termed 
a multiaction grinding mill with each particle being 
subjected to very many breakages during a long residence 
time. 
The residence time for the experiments reported 
in tables (A.30) to (A.33) was at least 30 minutes. It 
is interesting to note that the system takes 60 minutes 
to reach equilibrium after the first product is collected. 
Eventually the product size distribution becomes constant. 
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The comparison of measured and calculated product 
size distributions shows very good agreement, table (A.33). 
This very important experiment extends the area of 
application of the matrix method to multiaction grinding 
systems with large residence times. 
CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS 
The prediction of the product size distribution 
resulting from crushing any mixed feed of at least four 
size fractions may be made very accurately by means of 
the matrix obtained by feeding each of the graded size 
fractions to the mill separately, but at the same mass 
feed rate as the mixed feed. 
The physical interpretation of the accuracy of 
the predicted product size distributions by this method 
is that the particle interaction within the mill is 
dependent on the mill loading and not the feed composition. 
The matrix model may be expanded to predict results 
for any single acting mill using materials of different 
hardness. 
It requires only sixteen such matrices to be able 
to predict accurately the product from the crushing rolls 
of any mixed feed of known material in the size range 
1" x 1/8" for roll separations up to 1/8" and for any 
feed rate up to 1700 Ibs/hr. 
The use of such matrix arrays in plant simUlation 
by computer enables selection of the optimum, and most 
economic, mill operating parameters for given constraints 
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on feed and product size distributions. The per-
centage oversize for closed circuit grinding may 
also be calculated. 
The practical problem of primary, secondary and 
tertiary grinding in series may be studied by matrix 
representation and accurate predictions made of product 
size distribution. 
Prediction of results in multiaction grinding 
in the vibratory ball mill suggests that there is a 
further large field for study of the matrix method. 
There are many industrial crushers, such as the aerofall 
mill, which operate with a considerable residence time 
so that any particle is subjected to very many breakages. 
APPENDICES 
APPENDIX A. TABLES OF RESULTS 
Table A.l. Feed Sizes (Grades) to Crushing Rolls 
Size A. 1" + 1/2" 
Size B. 
- 1/2" + 5/16" 
Size C. - 5/16" + 3/16" 
Size D. - 3/16" + 1/8" 
N.B. Great care was taken, by repeated grading, to 
assure that each reed size did, in ract, only contain 
material or the size range stated. 
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Table A.2. Product Size Distributions of Individual 
Feed Size Distributions 
Mill : Crushing Rolls 
Material : Granite Chips 
Feed Rate : 1000 Ibs/hr. 
Separation : Unrecorded. 
Feed Size A 
Percentage Retained on Mesh Number 
Sample 8 14 18 60 ~ 
1 34.0 23.4 10.3 20.3 12.2 
2 34.0 23.2 10.0 20.6 12.3 
3 30.6 23.0 10.4 20.4 12.0 
4 35.7 23.1 10.0 19.5 11.7 
5 38.0 22.0 9.2 19.4 11.4 
6 35.5 23.0 9.7 20.0 10.8 
7 34.5 22.9 10.2 20.4 12.2 
-x 34.6 22.9 9.97 20.1 11.8 
S(x) 2.25 0.45 0.41 0.47 0.55 
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Table A.2. Continued 
Feed Size B 
Percentage Retained on Mesh Number 
Sample 8 14 18 60 (60 
1 30.1 26.0 11.2 20.8 11.6 
.2 33.5 26.0 10.2 19.4 11.0 
3 35.5 24.3 9.4 20.6 10.0 
4 30.7 26.4 11.1 20.0 12.0 
5 36.0 25.2 9.0 19.0 11.1 
6 28.5 24.8 11.7 21.8 13.2 
7 34.0 24.5 10.3 19.8 11.7 
8 35.5 23.6 10.5 20.3 10.8 
- 33.0 25.1 10.4 20.2 11.4 x 
S(x) 
· 
2.72 0.91 0.89 0.88 0.94 
· 
Feed Size C 
Percentage Retained on Mesh Number 
Sam121e 8 14 18 60 (60 
1 24.5 28.6 12.7 22.5 11.6 
2 25.9 30.0 11.7 21.5 10.8 
3 28.5 29.5 11.5 20.2 10.2 
4 28.2 31.0 11.0 19.7 10.3 
5 26.0 29.7 11.4 21.3 11.6 
6 26.2 30.2 11.5 21.0 11.1 
x • 26.6 29.8 11.7 21.1 10.9 • 
s(x) 1.33 0.80 0.57 0.99 0.61 
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Table A.2. Continued 
Feed Size D 
Percentage Retained on Mesh Number 
Sam:ele 8 14 18 60 .( 60 
1 14.6 36.5 16.6 22.5 9.8 
2 17.0 36.8 16.0 21.3 9.6 
3 20.0 37.5 15.0 19.3 8.1 
4 18.5 39.0 13.9 20'.1 8.1 
5 15.8 37.8 15.0 21.6 9.3 
6 21.0 37.0 12.4 20.6 9.4 
7 17.8 38.2 15.2 20.5 9.4 
8 19.0 37.8 15.1 20.0 8.4 
-x 18.0 37.6 20.7 9.0 
S(x) 2.13 0.80 0.41 1.02 
Table A.3. Averaged Mill Matrix 
34.6 22.9 10.0 20.1 11.8 
33.0 25.1 10.4 20.2 11.4 
26.6 29.8 11.7 21.0 10.9 
18.0 37.6 14.9 20.7 9.0 
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Table A.4. Comparison of Calculated and Measured Products 
for Mixed Feeds 
Feed Size Distribution (by weight). 
A 25.0 
B 25.0 
C 25.0 
D 25.0 
Measured Product. 
SamEle 8 
Percentage Retained on Mesh Number 
<18 14 18 
1 26.5 27.8 12.2 33.3 
2 27.0 29.5 12.4 31.3 
3 28.0 29.2 11.7 30.8 
4 28.8 29.3 11.7 31.7 
5 28.0 28.4 11.8 31.5 
x 27.7 28.8 11.8 31.7 
Calculated Product. 
28.0 28.8 11.7 31.3 
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Table A.4. Continued 
Feed Size Distribution (by weight). 
A : 10.0 
B • 20.0 • 
C 
· 
30.0 
· 
D • 40.0 • 
Measured Product. 
Percentage Retained on Mesh Number 
SamEle 8 14 18 (18 
1 19.0 33.0 12.9 35.1 
2 19.2 33.7 13.1 34.0 
, 
3 18.7 34.2 13.8 33.3 
4 20.3 34.0 13.9 31.8 
5 18.5 33.8 13.6 34.1 
-x 19.1 33.7 33.6 
Calculated Product. 
19.4 33.7 13.5 
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Table A.4. Continued 
Feed Size Distribution (by weight). 
A 40.0 
B 30.0 
c 20.0 
D 10.0 
Measured Product. 
Percentage Retained on Mesh Number 
Sam:Q1e 8 14 18 <18 
1 29.5 26.5 10.8 33.2 
2 29·3 26.7 11.0 33·0 
3 30.1 27.3 11.5 31.1 
4 30.5 24.5 11.3 28.7 
5 31.2 27.1 11.2 30.5 
-x 30.1 26.4 11.1 31.3 
Calculated Product. 
30.8 26.4 11.1 31.6 
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Table A.5. Results on Cone Mill 
Material Granite 
Feed Rate 
Matrix. 
. 
. 2000 lbs/hr. 
Percentage Retained on Mesh Number 
8 14 18 ~18 
56.2 
58.7 
61.0 
65.0 
17.8 
16.8 
17.9 
20.4 
Mixed Equal Ratio Feed. 
Mesh Measured Product 
Size Size Distribution 
8 60.2 
14 18.1 
18 5.8 
<18 16.1 
6.9 
5.5 
5.9 
4.1 
18.9 
19.1 
16.1 
8.3 
Calculated Product 
Size Distribution 
60.2 
18.2 
5.6 
16.1 
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Table A.6. Results on Jaw Crusher 
Material Granite. 
Feed Rate Chocked. 
Matrix 
Percentage Retained on Mesh Number 
8 14 18 <18 
41.5 17.2 8.7 22.7 
43.0 16.6 9.0 30.8 
43.6 18.6 9.0 28.7 
45.0 24.5 9.4 21.1 
Mixed Equal Ratio Feed. 
Mesh Measured Product Calculated Product 
Size Size Distribution Size Distribution 
8 43.0 43.3 
14 18.4 19.2 
18 9.2 9.4 
<18 30.0 28.3 
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Table A.7. Feed Sizes to Hammer Mill 
Size E. _ 1/4" + 8 mesh. 
Size F. - 8 mesh + 14 mesh. 
Size G. - 14 mesh + 18 mesh. 
Size H. - 18 mesh + 60 mesh. 
N.B. Great care was taken to ensure that each size 
range only contained material of the size stated. 
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Table A.8. Product Size Distributions for Individual 
Feed Size Distributions 
Mill Swing Hammers. 
Material Granite. 
Feed Size E 
Feed Rate ) 
Mesh Size 1 2 3 4 
8 0.6 0.7 0.8 0.8 
14 3.5 4.4 5.0 5.5 
18 5.5 7.1 7.5 8.8 
60 38.5 43.8 45.4 50.6 
85 10.6 10.8 11.0 8.9 
120 9.4 8.7 8.2 7.2 
150 9.6 7.6 7.2 6.1 
200 8.8 5.4 5.0 4.3 
(200 13.5 12.5 9.9 7.8 
92 
Table A.9. Product Size Distributions of Individual 
Feed Size Fractions 
Mill Swing Hammers. 
Material : Granite. 
Feed Size F 
Feed Rate :> 
Mesh Size 1 2 2- 4 
8 
14 5.0 5.2 7.2 9.9 
18 8.4 9.8 12.0 14.4 
60 44.4 46.6 48.1 48.5 
85 10.7 9.9 8.7 7.4 
120 8.0 7.9 6.6 5.5 
150 6.8 6.3 5.4 4.3 
200 4.8 4.5 3.4 3.0 
<200 11.8 10.8 8.6 6.9 
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Table A.IO. Product Size Distributions of Individual 
Feed Size Fractions 
Mill Swing Hammers. 
Material Granite. 
Feed Size G 
Feed Rate ,) 
Mesh Size 1 2 3 
8 
14 
18 8.1 10.3 13.0 
60 47.4 50.0 51.5 
85 10.4 10.2 9.1 
120 7.8 7·3 6.7 
150 6.7 6.3 5.6 
200 4.9 4.3 4.3 
<200 13.7 11.6 9.8 
Table A.ll. Product Size Distributions of Individual 
Feed Size Fractions 
Mill Swing Hammers. 
Material Granite. 
Feed Size H 
Feed Rate )0 
Mesh Size 1 2 L 4 
8 
14 
18 
60 35.4 46.1 48.5 56.9 
85 11.0 13.3 13.8 14.3 
120 9.1 9.6 8.8 8.4 
150 9.6 8.7 7.6 6.3 
200 9.4 5.2 5.8 4.3 
<200 25.5 16.8 15.5 8.8 
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Table A.12. Mill Matrix and Compared Results 
Mill Swing Hammers. 
Material Granite. 
Feed Rate 2. 
Mill Matrix 
0.7 
4.4 5.2 
7.1 9.8 10.3 
43.8 46.6 51.4 46.1 
10.8 9.9 10.4 13.3 
8.7 7.9 7.4 9.6 
7.6 6.3 6.3 8.7 
5.4 4.5 4.1 5.2 
12.2 10.8 10.1 16.8 
Mixed Equal Ratio Feed. 
Mesh Measured Product Calculated Product 
Size Size Distribution Size Distribution 
8 0.2 0.2 
14 2.4 2.4 
18 6.5 6.8 
60 46.8 46.9 
85 11.6 11.1 
120 8.9 8.4 
150 7.2 7.3 
.(150 16.7 17.2 
Table A.13. Averaged Matrix and Results for Cone Mill 
Material Glani'6s. 
Feed Rate 2000 Ibs/hr. 
Matrix 
Percentage Retained on Mesh Number 
8 14 18 Q§. 
33.8 25.4 10.2 30.8 
31.9 26.3 11.4 30.5 
39.0 24.8 10.4 25.7 
53.0 22.2 7.8 17.2 
Mixed Egual Ratio Feed 
Mesh Measured Product Calculated Product 
Size Size Distribution Size Distribution 
8 39.5 39.4 
14 24.6 24.7 
18 10.5 10.0 
(18 25.6 26.0 
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Table A.14. Averaged Matrix and Results for Crushing Rolls 
Material Zinc Sulphide Ore. 
Feed Rate 1300 Ibs/hr. 
Separation: 3/32". 
Matrix 
Percentage Retained on Mesh Number 
8 14 18 <::18 
42.0 23.4 8.6 26.0 
35.2 23.5 9.8 31.6 
27.7 27.1 10.7 34.6 
22.6 33.5 11.2 32.7 
Mixed Egual Ratio Feed 
Mesh Measured Product Calculated Product 
Size Size Distribution Size Distribution 
8 31.8 31.8 
14 26.4 26.8 
18 9.9 10.0 
<18 31.9 31.2 
Table A.15. The Effect of Mill Parameters on the Matrix 
Mill crushin1Rolls. 
Material : Granite. 
Separation : 1/32". 
Feed Rate Matrix 
(lbs/hr) Percentage Retained on Mesh Number 
400 
1300 
1700 
8 14 18 <.18 
15.4 
6.2 
7.5 
,2.6 
26.2 
25.0 
22.2 
16.1 
32.5 
37.0 
27.5 
27.0 
22.2 
16.8 
20.8 
15.5 
22.9 
26.4 
27.8 
32.2 
22.1 
19.1 
27.5 
32.6 
14.2 
15.6 
17.6 
22.0 
13.7 
13.0 
14.5 
17.1 
12.8 
11.0 
12.8 
14.2 
47.4 
61.5 
54.4 
60.0 
37.5 
35.7 
35.5 
34.7 
33.6 
33.0 
32.4 
26.0 
------------------------------------------------
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Table A.16. The Effect of Mill Parameters on the Matrix 
Mill Crushing Rolls. 
Material Granite. 
Separation 1/16". 
Matrix Feed Rate 
(lbs/hr) Percentage Retained on Mesh Number 
1000 
8 14 18 Q& 
47.0 
42.7 
41.1 
46.5 
20.5 
23.9 
24.5 
30.0 
8.1 
8.5 
9.3 
7.6 
24.4 
25.0 
25.4 
17.3 
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Table A.17. The Effect of Mill Parameters on the Matrix 
Mill Crushing Rolls. 
Material Granite. 
Separation 3/32". 
Matrix 
-
Feed Rate 
(lbs/hr) Percentage Retained on Mesh Number 
400 
1000 
1300 
1700 
8 14 18 (18 
37.9 
35.1 
30.4 
34.6 
54.0 
51.0 
55.2 
51.9 
60.0 
58.6 
60.5 
63.5 
58.9 
61.0 
63.5 
69.0 
23.6 
25.6 
29.0 
32.5 
16.8 
19.0 
19.1 
27.0 
14.0 
16.1 
16.3 
21.0 
14.9 
14.2 
15.5 
18.2 
9.5 
10.0 
11.3 
9.0 
6.9 
7·2 
6.7 
6.4 
6.0 
6.4 
6.1 
4.6 
6.1 
5.9 
5.6 
4.0 
28.9 
29.3 
29.4 
23.0 
22.5 
22.8 
19.0 
14.7 
20.0 
18.9 
17·1 
11.0 
20.1 
18.8 
15.5 
9.9 
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Table A.18. The Effect of Mill Parameters on the Matrix 
Mill Crushing Rolls. 
Material Grani te •. 
Separation : 1/8". 
Feed Rate Matrix 
(lbs/hr) Percentage Retained on Mesh Number 
400 
1000 
1300 
1700 
8 14 18 <18 
56.7 
55.0 
53.6 
74.5 
63.6 
64.0 
60.6 
77.2 
66.5 
68.9 
67.6 
80.0 
66.5 
72.1 
72.8 
81.5 
15.3 
16.5 
19.0 
13.9 
12.3 
12.8 
15.5 
12.3 
11.6 
10.9 
12.7 
10.9 
11.6 
10.0 
10.3 
9.0 
6.6 
6.7 
6.9 
3.0 
5.6 
5.1 
5.5 
2.6 
5.1 
4.9 
4.8 
2.4 
5.1 
4.5 
4.2 
2.4 
21.2 
21.6 
23.5 
9.5 
20.5 
18.1 
18.4 
7.2 
17.4 
14.3 
12.8 
6.8 
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Table A.19. Comparison of Measured and Calculated Results 
Mill . . 
Material 
Crushing Rolls. 
Granite. 
Separation . 
• 1/32" • 
Feed Rate 400 lbs/hr 
Mesh Measured Product 
Size Size Distribution 
8 8.0 
14 18.9 
18 17.1 
(18 56.0 
Feed Rate 1000 lbs!hr. 
8 17.2 
14 27.2 
18 15.4 
(18 40.4 
Feed Rate 1700 lbs/hr. 
8 29.6 
14 24.5 
18 12.8 
(18 33.0 
Calculated Product 
Size Distribution 
7.9 
18.8 
17.4 
56.1 
17.0 
27.4 
• 
15.8 
40.1 
31.0 
25.3 
12.7 
31.1 
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Table A.20. Comparison of Measured and Calculated Results 
Mill Crushing Rolls. 
Material . . Granite. 
Feed Rate 1000 Ibs/hr. 
Separation 3/32". 
Mesh Measured Product 
Size Size Distribution 
S 52.5 
14 20.6 
IS 6.9 
(IS 19.9 
Calculated Product 
Size Distribution 
53.0 
20.4 
6.S 
19.7 
Table A.21. Matrix Values at Different Separations 
N.B. These are results from tables (A.15)(A.16)(A.17) 
and (A.lS) tabulated in a different form. 
The form of previous results was 
bll b21 b31 b41 
b12 b22 b32 b42 
b13 b23 b33 b43 
b14 b24 b34 b44 
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Table A.21. Continued. 
Separation bll b12 b13 b14 
1/32 15.4 6.2 7.5 2.6 
1/16 32.2 17.6 17.9 13.5 
3/32 37.9 35.1 30.4 34.6 
1/8 56.7 55.0 53.6 74.5 
b21 b22 b22 b24 
1/32 22.2 16.8 20.8 15.5 
1/16 26.5 30.7 31.5 36.7 
3/32 23.6 25.6 29.0 32.5 
1/8 15.3 16.5 19.0 13.9 
b21 b22 b22 b24 
1/32 14.2 15.6 17.6 22.0 
1/16 10.8 13.6 14.3 16.0 
3/32 9.5 10.0 11.3 9.0 
1/8 6.6 6.7 6.9 3.0 
b41 b42 b42 b44 
1/32 47.4 61.5 54.4 60.0 
1/16 30.5 37.8 36.7 34.3 
3/32 28.9 29.3 29.4 23.0 
1/8 21.2 21.5 23.5 9.5 
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Table A.22. Interpolated Matrix from Graphs (4.3) at 
a Feed Rate of 700 Ibs/hr. 
Percentage Retained on Mesh Number 
8 14 18 Q& 
20.2 8.2 25.7 
43.0 22.3 8.6 26.0 
42.8 24.0 24.2 
43.2 29.7 7.7 18.8 
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Table A.23. Interpolation from Graph 4.3. 
Mill . Crushing Rolls. . 
Material Granite. 
Feed Rate 700 Ibs/hr. 
Separation 3/32" 
Measured Distribution (Equal Ratio Mixed Feed) 
SamEle Percentage Retained on Mesh Number 
1 
2 
3 
4 
5 
6 
7 
8 
9 
-x . . 
8 14 
44.0 24.6 
44.3 24.2 
42.8 25.4 
43.7 24.9 
43.6 24.9 
42.6 25.5 
42.3 24.8 
43.6 24.5 
42.8 24.9 
24.8 
Calculated Distribution 
24.0 
18 .«18 
8.3 23.2 
8.0 23.4 
8.4 23.5 
8.0 23.2 
8.4 23.6 
8.5 23.6 
8.4 24.2 
8.4 23.2 
8.4 23.8 
23.3 
8.3 23.6 
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Table A.24. Interpolated Matrix from Graphs (4.3) at 
a Feed Rate of 1350 1bs/hr. 
Percentage Retained on Mesh Number 
8 14 18 <18 
56.4 6.5 21.3 
56.0 16.6 6.5 20.8 
59·3 17.3 6.1 
60.4 22.6 5.2 12·3 
• 
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Table A.2~. Interpolation from Graph (4.3) 
Mill Crushing Rolls. 
Material Granite. 
Feed Rate . 1350 Ibs/hr. • 
Separation 3/32". 
Measured Distribution (Equal Ratio Mixed Feed) 
Sample Percentage Retained on Mesh Number 
1 
2 
3 
4 
5 
6 
-x . • 
8 14 
62.5 14.9 
59.0 17.2 
59.9 16.7 
61.5 15.7 
60.1 16.3 
61.7 15.2 
16.0 
Calculated Distribution 
58.0 18.0 
18 «18 
5.3 17.1 
5.8 17.4 
5.6 17.8 
5.6 17.3 
5.6 18.2 
5.5 17.4 
5.5 
6.0 17.9 
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Table A.25. Matrix and Results for Cone Mill 
Material Granite. 
Feed Rate . . 2000 Ibs/hr. 
Separation 1. 
Matrix. 
Percentage Retained on Mesh,Number 
8 14 18 (]& 
71.5 
75.1 
82.0 
87.5 
10.0 
9.1 
6.8 
8.8 
Mixed Equal Ratio Feed. 
Mesh Measured Product 
Size Size Distribution 
8 80.1 
14 8.3 
18 2.4 
<18 9.2 
4.2 
3.4 
2.6 
1.1 
14.3 
12.4 
8.6 
3.0 
Calculated Product 
Size Distribution 
79.0 
8.6 
2.8 
9.5 
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Table A.26. Matrix and Results for Cone Mill 
Material Granite. 
Feed Rate 2000 Ibs/hr. 
Separation 2. 
Matrix. 
Percentage Retained on Mesh Number 
8 14 18 <:()8 
56.2 17.8 6.9 18.9 
58.7 16.8 5.5 19.1 
61.0 17.9 5.9 16.1 
65.0 20.4 4.1 8.3 
Mixed Equal Ratio Feed. 
Mesh Measured Product Calculated Product 
Size Size Distribution Size Distribution 
8 60.2 60.2 
14 18.1 18.2 
18 5.8 5.6 
(18 16.1 16.1 
III 
Table A.27. Matrix and Results for Cone Mill 
Material : Granite. 
Feed Rate 
Separation 
Matrix. 
Mixed Equal 
Mesh 
Size 
8 
14 
18 
<18 
2000 Ibs/hr. 
3· 
Percentage Retained on Mesh Number 
8 14 18 ~ 
44.0 
48.4 
49.5 
57.5 
22.2 
21.0 
21.5 
21.9 
Ratio Feed. 
Measured Product 
Size Distribution 
49.8 
21.6 
7.6 
20.8 
/ 
8.5 
7.8 
7.7 
6.4 
25.3 
22.7 
21.2 
14.1 
Calculated Product 
Size Distribution 
49.4 
22.0 
7.8 
20.8 
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Table A.28. Product or Jaw Crusher 
Feed - 1~" + I" Granite. 
Product. 
Size 
- 1" + 1/2" 
_1/2" + 5/16" 
-5/16" + 3/16" 
-3/16" + 1/8" 
< 1/8" 
Percentage 
15.4 
40.1 
8.9 
18.9 
16.7 
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Table A.29. Results of Series Grinding 
Product of Rolls. 
Mesh Measured Product Calculated Product 
Size Size Distribution Size Distribution 
8 44.8 44.3 
14 23.2 24.7 
18 8.0 8.3 
60 15.8 15.0 
<60 8.3 8.4 
Product of Hammers. 
Mesh Measured Product Calculated Product 
Size Size Distribution Size Distribution 
60 57.8 56.2 
120 20.0 19.3 
200 9.6 9.3 
<200 12.6 12.3 
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Table A.30. Vibratory Ball Mill Results 
Material Limestone. 
Feed Rate . 7.5 1bs/hr. . 
Feed Size 14 Mesh 
Mesh Time ;) Size 
14 11.2 25.4 27.6 27.5 27.5 
16 3.9 8.3 9.6 9.6 9.6 
18 2.1 4.4 5.2 5.3 5.3 
36 4.2 7.0 8.3 9.2 8.7 
60 3·5 9.5 6.2 8.2 7.5 
85 20.8 15.3 13.8 12.0 13.0 
120 34.4 18.0 15.5 15.9 15.5 
200 13.8 10.2 10.5 9.7 10.0 
(200 5.9 2.1 3.3 2.6 2.9 
Feed Size 16 Mesh 
Mesh Time ~ Size 
14 
16 12.9 15.8 10.6 12.8 12.2 
18 19.6 21.0 21.7 22.4 22.1 
36 22.7 24.0 28.5 27.3 27.5 
60 7.3 9.5 10.3 10.1 10.1 
85 5.0 5.7 4.5 6.1 5.6 
120 13.4 13.2 10.2 10.2 10.2 
200 9.4 6.9 10.8 8.4 9.5 
(200 3·7 3.6 2.9 2.6 2.8 
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Table A.31. Vibratory Ball Mill Results 
Feed Size 18 mesh. 
Mesh \ Time ) Size 
14 
16 
18 1.5 2.1 2.5 2.3 2.3 
36 16.6 26.3 33.0 28.2 28.1 
60 14.9 16.2 15.9 15.8 15.9 
85 12.5 10.9 7.4 8.1 8.3 
120 23.4 20.0 16.8 16.8 16.8 
200 25.0 19.2 18.8 18.6 18.5 
(200 6.3 5.3 6.0 6.1 6.0 
Feed Size 36 Mesh. 
Mesh Time ;)-Size 
14 
16 
18 
36 2.4 1.2 1.3 1.7 1.6 
60 14.8 7.4 8.4 7.3 7.4 
85 25.4 12.3 18.4 22.3 22.0 
120 31.4 31.5 34.4 33.8 32.7 
200 20.2 40.1 29.1 29.0 28.9 
~200 6.0 7.9 8.4 7.2 7.4 
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Table A.32. Vibratory Ball Mill Results 
Mixed Equal Ratio Feed 
Mesh Time ~ Size ~ 
14 5.0 8.7 4.9 6.0 6.2 6.2 
16 3.3 7.0 4.0 4.1 4.7 4.8 
18 5.5 10.8 7.8 7.9 7.9 7.8 
36 14.6 27.4 23.2 20·3 18.2 18.3 
60 16.0 13.4 16.0 12.1 11.3 11.4 
85 20.4 7.3 9.6 11.5 12.4 12.8 
120 20.3 12.2 15.8 18.0 18.1 18.4 
200 11.0 11.2 15.4 15.4 15.5 15.6 
<200 3.9 2.1 3.8 4.7 4.8 4.7 
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Table A.33. Vibratory Ball Mill Results 
Resultant Matrix. 
27.5 
9.6 12.2 
5.3 22.1 2.3 
8.7 27.5 28.2 1.6 
7.5 10.1 15.9 7.4 
13.0 5.6 8.3 22.0 
15.5 10.2 16.8 32.7 
10.0 9.5 18.5 28.9 
2.9 2.8 6.0 7.4 
Mixed Equal Ratio Feed. 
Mesh Measured Product Calculated Product 
Size Size Distribution ,Size Distribution 
14 6.2 6.8 
16 4.7 5.4 
18 7.9 7.4 
36 18.2 16.5 
60 11.3 10.2 
85 12.4 12.2 
120 18.1 18.8 
200 15.5 16.7 
<200 4.7 4.7 
APPENDIX B. TESTS ON ACCURACY OF SIEVING 
Introduction 
The standard deviation and standard error have 
been determined for a number of sieve analyses on the 
same sample of crushed granite (Volk (52)). The 
technique used was to sieve a sample of product from 
the crushing rolls under identical conditions and 
experimental proceedure used to obtain the results in 
Appendix A. The same sample was then repeatedly ana-
lysed to give the results in table (B.l). 
Conclusion 
The maximum percentage error on the mean is 0.6%. 
This very good reproducibility is to be expected in 
the relatively course size range and with hard,dry feed 
material 
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Table B.!. Results of Sieve Tests 
Material - Granite 
Time of tests - 10 minutes. 
Mesh Sizes 
Sample 8 14 18 
1 3.4 23.3 25.0 
2 3·3 23·3 24.8 
3 3.3 23.2 24.5 
4 3·3 22.6 25.0 
5 3.3 22.9 24.8 
6 3.3 22.5 25.1 
7 3.3 23.0 24.7 
8 3.3 22.8 25.0 
- 3.3 22.9 24.8 x = 
Standard Deviation ~~ (x - x22 
n - 1 
Sex) 0.31 0.21 
Standard error 
of mean sex) + -0.11 0.074 
% sex) 0.48 0.60 
) 
60 (§Q 
34.6 13.6 
34.4 13·7 
34.8 13.8 
35.1 14.0 
34.8 14.0 
35.0 14.1 
34.4 13.8 
34.8 14.0 
34.7 13.8 
n - 1 = 7 
0.26 0.20 
0.092 0.071 
0.27 0.51 
APPENDIX C. CONSIDERATION OF THE RESULTANT HORIZONTAL 
FORCES ON A PARTICLE IN THE CRUSHING ROLLS 
The value of cosine n/2 in section 5.2 is given 
by the equation 
cosine n/2 = (r + a)/(r + b) 
where r is the radius of the rolls, 
a is half the roll gap, and 
b is the particle diameter. 
(a). The smallest value of cosine n/2 will be when a 
is at a minimum and b at a maximum. 
r = 4" a = 1/64" b = I" 
cosine n/2 = (4 + 1/64)/5 = 0.81 
Therefore 
sine n/2 = 0.59 
~ = N.cos n/2 + T.sin n/2 
= 0.8N + 0.6T 
(b). The maximum value of cosine n/2 is when b = 3/16 
and a = 1/16" 
cosine n/2 = (4 + 1/16)/(4 + 3/16) = 0.96 
Therefore 
sine n/2 = 0.28 
~ = 0.96N + 0.28T 
If Nand T are of the same order of magnitude, say Z 
RHa = 1.4Z and ~b = 1.3Z 
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This means that over the entire range ~ is virtually 
constant and independent of feed size. 
APPENDIX D. CALCULATION OF THE RESULTS FOR SERIES GRINDING 
The results obtained from three stage crushing are 
given in tables (A.28) and (A.29) and discussed ln section 
The relative equation is 
p = M3eC2eM2eCGeMl-r ••••..••••••••••• (5.1) 
The vector of product distribution from the jaw crusher 
is given in table (A.28) 
15.4 
40.1 
d = 8.9 
18.9 
16.7 
On rejecting the undersize 
CG = 100/(100-16.7) = 1.20 
Therefore from equation (3.35) remembering that g = h 
with no recycle 
= 
18.5 
48.2 
10.7 
22.7 
Equation (3.39) gives j= M2 .h. From table (A.16) for 
granite at a feed rate of 1000 Ibs/hr. and a roll 
122 
- - ------------------------
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separation of 1/16" the value of M2 is 
47.0 20.5 8.1 24.4 
42.7 23.9 8.5 25.0 
M2 = 41.1 24.5 9.3 25.4 
46.5 30.0 7.6 17.3 
Therefore j = M2·h 
44.3 
24.7 
= 
8.3 
15.0 
8.4 
Rejection of the fines gives 
C2 = 100/(100-8.4) = 1.09 
From equation (3.32) 
Equation (3.29) is p = Myk and for the hammer mill 
at a feed rate of 17 lbs/hr. table (A.12) gives My 
56.0 19.5 13.0 12.2 
61.6 17.8 10.8 10.8 
61.7 17.8 10.4 10.1 
46.1 22.9 13.9 16.8 
Therefore 
p = 
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56.2 
19.3 
9.3 
12.3 
APPENDIX E. COMPUTER PROGRAM FOR SIMULATION OF THE 
MULTIPARAMETER SYSTEM 
Problem 
To choose from a set of 16 matrices two para-
meters, feed rate F and roll separation S, so as to 
give the best fit on the product size distribution Q 
for a given feed size distribution G. 
The array of matrices is 
the elements of which, Tn = FiS j have been determined 
experimentally and reported in tables (A15)(A.16)(A.17) 
and (A.18). The values of F range from 1 to 4 which 
represent values of 400, 1000, 1300 and 1700 Ibs/hr 
, 
respectively, for S values of 1 to 4 representing 
separations of 1/32, 1/16, 3/32 and 1/8 inches respect-
ively. 
The criterion of the "best" fit being that IQ-pi 
shall be a minimum , where Q is the desired product vector 
and P the calculated value. 
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Method 
As a two dimensional search is required it has 
been assumed that the system is less sensitive to changes 
in separation than feed rate. A search is first made 
to determine the values of i and j in the matrix elements 
Tn which gives a product nearest to the desired product. 
Then the separation is assumed fixed at this value of say 
j=b and a search is conducted by linear interpolation 
between FaSb ' Fa_1Sb and Fa+1Sb to obtain a better fit 
on the product. 
If the value of a is such that it falls below 
a specified minimum ( n=2 ) closed circuit grinding is 
recommended and the recycle fraction calculated. A flow 
sheet of the computer logic is given in the diagram, 
figure (E.l). 
Program 
MASTER SMASH 
DIMENSION T(4,4,4,4),p(4),G(4),Q(4),TT(100,4,4) 
DO 101 I=1,4 
DO 101 J=1,4 
DO 101 K=1,4 
READ(l,lOO) (T(I,J,K,L),L=1,4) 
101 CONTINUE 
DO 520 IN=1,5 
QP=lOOOO 
M=l 
READ (1,200)(G(I),I=1,4) 
READ (1,200)(Q(I),I=1,4) 
WRITE(2,412)IN 
WRITE(2,401)(G(I),I=1,4) 
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WRITE (2,405) (Q(I),I=1,4) 
DO 201 1=1,4 
DO 201 J=1,4 
PP=O 
DO 202 II=1,4 
P(II)=O 
DO 202 JJ=1,4 
D=T(I,J,II,JJ)*G(JJ)/100 
P (II )=P(II)+D 
PP=ABS(P(II)-Q(II))+PP 
202 CONTINUE 
IF(PP-QP)300,201,201 
, 
300 QP=PP 
KI=I 
KU=J 
201 CONTINUE 
WRITE (2,400)KU,KI 
DO 501 II=1,4 
P(II)=O 
DO 501 JJ=1,4 
D=T(KI,KU,II,JJ)*G(JJ)/100 
P(II)=P(II)+D 
501 CONTINUE 
WRITE (2,410) 
DO 521 II=1,4 
WRITE (2,460) (T(KI,KU,II,JJ),JJ=1,4) 
521 CONTINUE 
WRITE (2,406) (P(II),II=1,4) 
NN=l 
KJ=KU+l 
DO 503 N=1,100 
PP=O 
DO 502 II=1,4 
P(II)=O 
DO 502 JJ=1,4 
F=(T(KI,KJ,II,JJ)-T(KI,KU,II,JJ))/100 
TT(N,II,JJ)=N*F+T(KI,KU,II,JJ) 
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D=TT(N,II,JJ)*G(JJ)!100 
P (II )=P (II )+D 
PP=ABS(P(II)-Q(II»+PP 
502 CONTINUE 
IF (PP-QP)600,503,503 
600 QP=PP 
NN=N 
503 CONTINUE 
WRITE (2,403)NN 
IF(NN-l)505,505,709 
505 CONTINUE 
KJ=KU-l 
DO 703 N=l,lOO 
PP=O 
DO 702 II=l,4 
P(II)=O 
DO 702 JJ=l,4 
F=(T(KI,KU,II,JJ)-T(KI,KJ,II,JJ»!100 
TT(N,II,JJ)=N*F+T(KI,KJ,II,JJ) 
D=TT(N,II,JJ)*G(JJ)!lOO 
P(II)=P(II)+D 
PP=ABS(P(II)-Q(II»+PP 
702 CONTINUE 
IF (pp-QP)800, 703, 703 
800 QP=PP 
NN=N 
M=NN 
703 CONTINUE 
WRITE (2,402)NN 
709 CONTINUE 
IF(M-1)704, 704, 900 
900 CONTINUE 
IF(KI-1)901,901,704 
901 CONTINUE 
IF(KU-2)902,902,704 
902 CONTINUE 
KU=2 
KI=l 
KK=l 
KJ=KU+1 
DO 903 K=l,lOO 
DO 650 H=1,4 
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DO 650 JJ=1,4 
F=(T(KI,KJ,II,JJ)-T(KI,KU,II,JJ))/lOO. 
TT(K,II,JJ)=K*F+T(KI,KU,II,JJ) 
650 CONTINUE 
DO 904 H=1,4 
P(H)=O 
DO 905 JJ=1,3 
D=TT(K,II,JJ)*G(JJ)/(lOO+K) 
P(H)=P(H)+D 
905 CONTINUE 
P(II)=P(II)+(TT(K,II,4)*(G(4)+K/100))/(100+K) 
904 CONTINUE 
P(1)=P(1)-K/100)/(1-K/100) 
AA=P(1)-0.170 
IF(AA)920,920,903 
903 CONTINUE 
920 KK=K 
WRITE (2,404)KK 
DO 910 H=1,4 
P(H)=O 
DO 911 JJ=1,3 
D=TT(KK,II,JJ)*G(JJ)/(lOO+KK) 
P (H) =P (H )+D 
911 CONTINUE 
P(II)=P(II)+(TT(KK,II,4)*(G(4)+KK/100))/(100+KK) 
910 CONTINUE 
P(1)=(P(1)-KK/100)/(1-KK/100) 
P(2)=P(2)/(1-KK/100) 
B(3)=p(3)/(1-KK/100) 
P(4)=p(4)/(1-KK/100) 
DO 710 IJ=1,4 
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WRITE (2,460) (TT(KK,IJ,IK),IK=1,4) 
710 CONTINUE 
WRITE (2,409) (P(II),II=1,4) 
GO TO 520 
704 CONTINUE 
IF(NN-1)520,520,531 
531 CONTINUE 
DO 504 II=1,4 
P(II)=O 
DO 504 JJ=1,4 
D=TT(NN,II,JJ)*(G(JJ))/100 
P(II)=P(II)+D 
504 CONTINUE 
WRITE (2,411) 
DO 700 IJ=1,4 
WRITE(2,460) (TT(NN,IJ,IK),IK=1,4) 
700 CONTINUE 
WRITE(2,409) (P(II),II=1,4) 
520 CONTINUE 
100 FORMAT(lx4F5.1) 
200 FORMAT(lx4F5.3) 
400 FORMAT(20x,10HF NUMBER =,I2,10x,10HS NUMBER =,I2///) 
401 FORMAT(20x,18HFEED COMPOSITION =,4F5.3//) 
405 FORMAT(20x,17HDESIRED PRODUCT =,4F5.3//) 
402 FORMAT(20x,37HF BY LINEAR INTERPOLATION DOWNWARDS =,I3//) 
403 FORMAT(20x,35HF BY LINEAR INTERPOLATION UPWARDS =,I3//) 
404 FORMAT(20x,18HRECYCLE FRACTION =,I3//) 
460 FORMAT(20x,4(4x,F8.2)//) 
406 FORMAT(20x,15HINTER PRODUCT =,4F5.3//) 
409 FORMAT(20x,16HACTUAL PRODUCT =,4F5.3///) 
410 FORMAT(20x,15HMATRIX ELEMENTS) 
411 FORMAT(20x,12HFINAL MATRIX) 
412 FORMAT(lH1,19x,7HTABLE E,I2///) 
STOP 
END 
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Figure E.l. Computer Flow Sheet 
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Results 
The form of the computer print-out in tables 
(E.l) to (E.5) needs very little explaination. The 
size distributions are printed as fractions or Ibs/lb 
feed. 
The "F Number" and "s Number" are the subscripts 
of the array Tn = FiS j and represent the feed rate and 
separation of the experimentally measured matrix which 
gives product nearest to the desired product. This is 
termed the "Inter Product" and is printed together with 
the matrix. 
Tables (E.l) and (E.2) show examples where this 
intermediate product is in fact the best fit that can be 
obtained. In these cases there is no need for a further 
search. 
When the fit is not satisfactory an incremental 
climb from the point FiS j to the point Fi+lS j ,on graphs 
(4.1) to (4.4) is performed and the point of best fit 
retained and typed as "F by Interpolation Upwards". An 
example of this is shown in table (E.3) where it is seen 
Thus the data point on graph (E.l) 
which gives a product nearest to the desired product is 
that at a feed rate of 1000 Ibs/hr. and a separation of 
1/32". A search has been performed by linear interpol-
ation to the point F=1300 or 3 at the same separation 
and it is found that the best fit is at 28. Therefore, 
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the feed rate is F = 28/100 x (1300-1000) + 1000 = 1084 
Ibs/hr. The final matrix at F = 1084 and 3 1/32" is 
printed out together with the actual product. The agree-
ment between the desired and actual products can be seen 
to be very good. 
+n table (E.4) the best data point is at F = 4 
and 3 = 2 or at a feed rate of 1000 Ibs/hr. for a 
separation of 1/16". It is seen that a better fit 
is obtained by linear interpolation between F = 4 and 
F = 3 such that the feed rate is 1000 +(66/100)(1700-
1300) = 1264 Ibs/hr. 
When the value of F=2 and 3=1 but linear 
interpolation is required to a lower feed rate, as in 
table (E.5), this feed rate is considered too low and 
closed circuit grinding is recommended. In this case 
the recycle fraction is 11 Ibs/lOO Ibs feed. 
TABLE E 1 
FEED COMPOSITION =0.2500.2500.2500.250 
DESIRED PRODUCT =0.1700.2740.1580.401 
F NUMBER = 2 S NUMBER = 1 
MATRIX ELEMENTS 
21.30 18.60 16.00 
24.00 25.00 28.60 
14.00 14.80 15.40 
41.70 41.50 40.10 
INTER PRODUCT =0.1710.2740.1580.400 
F BY LINEAR INTERPOLATION UPWARDS = 1 
F BY LINEAR INTERPOLATION DOWNWARDS = 1 
12.30 
32.00 
18.90 
36.80 
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TABLE E 2 
FEED COMPOSITION =0.2500.2500.2500.250 
DESIRED PRODUCT =0.7330.1030.0410.128 
F NUMBER = 4 S NUMBER = 4 
MATRIX ELEMENTS 
66.50 72.10 72.80 
11.70 10.00 10.30 
5.10 4.50 4.20 
17.30 14.30 12.80 
INTER PRODUCT =0.7320.1020.0400.128 
F BY LINEAR INTERPOLATION UPWARDS = 1 
F BY LINEAR INTERPOLATION DOWNWARDS = 1 
81.50 
9.00 
2.40 
6.80 
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TABLE E 3 
FEED COMPOSITION =0.1000.2000.3000.400 
DESIRED PRODUCT =0.1700.2740.1580.401 
F NUMBER = 2 S NUMBER = 1 
MATRIX ELEMENTS 
21.30 18.60 16.00 
24.00 25.00 28.60 
14.00 14.80 15.40 
41.70 41.50 40.10 
INTER PRODUCT =0.1560.2880.1650.392 
F BY LINEAR INTERPOLATION UPWARDS = 28 
F BY LINEAR INTERPOLATION DOWNWARDS '" 1 
FINAL MATRIX 
22.67 20.39 17.74 
23.69 25.39 28.38 
13.92 14.30 15.15 
40.52 39.88 38.81 
ACTUAL PRODUCT =0.1700.2880.1620.382 
12.30 
32.00 
18.90 
36.80 
13.36 
32.06 
18.40 
36.21 
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TABLE E 4 
FEED COMPOSITION =0.2500.2500.2500.2500 
DESIRED PRODUCT =0.5660.1870.0630.1820 
F NUMBER = 4 S NUMBER = 2 
MATRIX ELEMENTS 
59.40 60.00 58.20 
13.70 14.50 20.60 
6.10 5.90 6.10 
20.80 19.60 15.10 
INTER PRODUCT =0.5850.1860.0600.173 
F BY LINEAR INTERPOLATION UPWARDS = 1 
F BY LINEAR INTERPOLATION DOWNWARDS = 66 
FINAL MATRIX 
58.28 57.82 56.13 
14.28 16.13 21.25 
6.24 6.21 6.27 
21.34 20.21 16.36 
ACTUAL PRODUCT =0.5660.1940.0620.181 
56.30 
25.50 
6.10 
13.50 
54.19 
26.11 
6.24 
14.32 
TABLE E 5 
FEED COMPOSITION =0.5000.2000.2000.100 
DESIRED PRODUCT =0.1700.2740.1580.401 
F NUMBER = 2 S NUMBER = 1 
MATRIX ELEMENTS 
21.30 18.60 16.00 12.30 
24.00 25.00 28.60 32.00 
14.00 14.80 15.40 
41.70 41.50 40.10 
INTER PRODUCT =0.1880.2590.1490.409 
F BY LINEAR INTERPOLATION UPWARDS = 1 
F BY LINEAR INTERPOLATION DOWNWARDS = 92 
RECYCLE FRACTION = 11 
ACTUAL PRODUCT = 0.1690.2340.1350.368 
18.90 
36.80 
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ADDENDUM 
\l'1th reference to the continuation of the work of 
Broadbent and Callcott (32), Callcott and Lynch (80) postulated 
an emp1rical mathematical model to describe the Slze reduction, 
, 
in terms of the number of gr1nding stages, with1n rod mills. 
This model had the form 
i = v 
p = IT f • 
j = J 
where p and f are the size distr1but1ons of the product 
and feed and v 1S the total number of inter~es. X. is the 
J 
matrix describing the transition from the feed to the j'th 
interface to the feed to the (j + 1) 'th interface and thus 
represents a stage. 
This 1S sim1lar to the equat10n form for multistage 
grinding reported by Bergstrom and Meloy (45, 46) where 
p = (M)m • £ 
and m represents the number of grind1ng stages. 
The performance of mUltistage grinding circuits has 
been predicted for open c1rcuit rod mills with ball mills in 
closed circuit with cyclone classif1ers by Draper and Lynch 
(81) and more thoroughly from an opboisation point of view by 
Lynch, Wh,ten and Draper (82). 
They concluded that, from a slngle set of feed and 
d1scharge slzlng analyses, at a glven feed rate, it 1S 
poss1ble to pred1ct the mill product for altered operat1ng 
conditions, for the same ore. 
This work uses throughout a breakage fract10n of the 
form 
-x 
B ( x/y = (l - e y 
where B(x/y ) is the fraction of broken particles smaller 
than x of original size y. 
This funct10n 1S used to set up the mill matrix with no 
experimental observations. 
The product size distribution 1S assumed to be linear 
and vary un1formly with feed rate. 
Rod mills are shown to be described reasonably accurately 
by the matrices der1ved from these assumptions but less success 
is obtalned when the techniques' are applied to ball mills. 
The object10ns of the above work by Lynch et al are 
sim1lar to those reported in this thes1s, namely to relate 
the feed size d1stribution to that of the product. However, 
their work is based on assumptions which are only applicable 
to the rod mill. Such assumptions are not necessary w1th the 
techn1ques proposed in this thesis which is more general 1n 
, 
---
its field of appllcation. 
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